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Abstract / Summary

The ECE Theory (www.aias.us) represents an unified field theory of
electromagnetism, gravitation, weak and strong interaction. It leads, among others,
to a set of electromagnetic equations which represent an extension of the Maxwell or
Maxwell-Heaviside equations of textbook electrodynamics. This extension is based
on the existence of certain physical quantities which are not present in textbook
electrodynamics. They are called vector and scalar spin connection and are related
to the spinning or torsion of space-time. Several ECE papers report on solutions of
the electromagnetic ECE equations which show resonance-like peaks in the potential.
According to the ECE Theory these resonances can be used to extract usable energy
from space-time.

The purpose of this paper is to clarify the commonalities and differences between
ECE and textbook electromagnetism. For the sake of simplicity this work deals only
with electro- and magnetostatics whereby three different sets of equations were
investigated, namely the mere electrostatic ECE equations, the former electro- and
magnetostatic ECE equations and the latest electro- and magnetostatic ECE
equations. The latest equations represent a modification of the former equations.
That modification emerged from recent results of the ECE Theory which report on
the discovery of additional equations, the so-called antisymmetry contraints.

The conclusions of the study of the mere electrostatic ECE equations are the
following. Electrostatics alone is not sufficient to generate resonances in the electric
potential or field, i.e. novel detectable features can be expected only for more
complex scenarios such as electrodynamics. However, if we assume that the so-called

5
homogeneous current j (?) does not vanish, then even in electrostatics the potential
or field may show novel features which are not possible in textbook electrostatics.

This statement results from a general solution of the electrostatic ECE equations for
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?(7) # 0 which is presented in this paper. Although it is not clear how to generate a
homogeneous current, which is according to the ECE Theory related to gravitation,
its influence on an electric potential or field represents an interesting effect, at least
theoretically.

The results of the study of the electro- and magnetostatic ECE equations can be
summarized as follows. The relevant quantities which appear in the electro- and
. . . - s
magnetostatic ECE equations are the charge density p(r) , current density J(r) ,
: 4 R e . . —
scalar potential ¢(7) , vector potential A(7) , scalar spin connection wy(7) and

vector spin connection w (7) By the introduction of another scalar potential g(?)
—  —
and another vector potential ¥ (7) the original electro- and magnetostatic ECE
equations can be transformed into a set of equations which do not contain the spin
connection any more. The transformed equations allow a direct comparison between
ECE and textbook electro- and magnetostatics. The transformed equations
decompose into two sets of equations and physical quantities which indicate the
existence of two different but interconnected physical levels or realities. In this paper
we call them level I and level II. Level I corresponds to the physics of textbook
electro- and magnetostatics. Level II can be considered as an underlying physical
reality which is more subtle than that of textbook electro- and magnetostatics. The
relevant physical quantities and their relations among each other are

e scalar potential B(?) = qb(?) — g(?)

e clectric field E(?) = - %56}) = Eaﬁ (?> - Z?9 (?)
- - = - =

e vector potential A (1) = A(r) — V (r)

— — - - -
e magnetic field B(7) =V X A(r) = Ba(r) — By (r)

whereby the potential or field on the left is a level I quantity, whereas the both
potentials or fields on the right are level II quantities. With respect to the level I
quantities 5(?) , E(?) , X(?) and E(?) textbook and ECE electro- and
magnetostatics are equivalent. In ECE electro- and magnetostatics, however, these
level I potentials and fields emerge from a difference of two level II quantitites which

both depend on IS

It should be emphasized that ECE and textbook electromagnetism usually use the

%
same symbol for the scalar and vector potential, namely ¢ and and A, respectively.
However, as revealed by the transformed equations, they do not represent the same

%
physical quantity and have to be distinguished. In this paper ¢ and A denotes the
scalar and vector potential which appears in the original ECE equations, whereas

and X corresponds to the scalar and vector potential of textbook electro- and
magnetostatics, respectively.

The transformed equations reveal distinct differences between the equations and
quantities of level I and II. The level I potentials 3 (?) and X (7) are specified by four
decoupled, linear, second-order differential equations. Thus the level I electric and
magnetic quantities or phenomena are decoupled from each other. The level I
equations and quantities are well-known and represent the physics of textbook
electro- and magnetostatics.



Concerning the former set of the electro- and magnetostatic ECE equations, the level
%

IT potentials qb(?) and A(?) are specified by four coupled, non-linear, first-order

differential equations. Thus on level II the electric and magnetic quantities or

phenomena are coupled with each other.

Concerning the latest set of the electro- and magnetostatic ECE equations, the level

_>
IT vector potential A(?) is specified by four coupled, non-linear, first-order
differential equations which comprise exclusively magnetic quantities, whereas the

_>
level II scalar potential qﬁ(?) is specified by electric quantities and A(?) Thus on
level II the electric and magnetic quantities or phenomena are partly coupled with

_>
each other. The number of equations which specify A (?) and gb(?) are greater than
%
four. Thus A(?) and gb(?) are possibly over-determined. Further studies are
P . - A
necessary to clarify if for any charge density p(7) and any current density J(7) a
solution exists.
For the former and latest set of the electro- and magnetostatic ECE equations, which
e . .
specify the level 11 potentlals o(r ) and A(r ) we present solutions for two special
cases, namely for E B = 0 as well as for B =0 and E # 0 with any charge density

p(r ) For the first case, i.e. E = B = 0, the solutions represent possible level II
vacuum potentials and fields in the absence of level I fields. The number of possible
solutions is infinite but they are not arbitrary. For the latest set of equations the

presented vacuum vector potentials are curl-free which implies B A( ) BV( r)=0.
Therefore we raise for the latest set of equations the question if there are also

— — - = - =
vacuum solutions with ¥ x A4 # 0 which would imply Ba(7) = By (r) # 0 . For the

— —
second case, i.e. B =0 and F # 0 with any charge density p(?) , we found for the
former and the latest set of equations a common type of possible solutions for the
level IT scalar potential gb(?) , namely

BN 4y whorebe 407 — L p(R)
a+b1n<ﬁ0>]/3() hereby B()—4WEO///‘?_7%‘dR

is the level I scalar potential of textbook electro- and magnetostatics and a , b and Sy
are constants.

—
r

¢(r) =

The former set of the electro- and magnetostatic ECE equations appears as a
consistent extension of textbook electro- and magnetostatics. The latest set of the
electro- and magnetostatic ECE equations comprises the relation

e - = - S L . . .
E(r)=—2 A(7r)wo(r) which involves a potential inconsistency. This relation
represents one of several ways to express the electric field in terms of other quantities.
We consider the special case ﬁ = (0 and it seems that this relation can only be
satisfied if the electric field corresponds to that of a single point charge. It seems that
for any other charge densitiy such as two point charges an appropriate scalar spin
connection wo(?) does not exist. We briefly suggest some items whose consideration
might lead to an elimination of this inconsistency, e.g. the assumption that w0(7)
does not represent a scalar but a more complex quantity like a 3 X 3 matrix.



However, further studies, especially at a higher level of the ECE Theory which
comprises field theory and differential geometry, are necessary to clarify this issue.

The transformed equations lead to the following significant questions: Are the level
IT potentials and fields, or their effects, physically detectable ? Do the level I and II
quantities carry the same or different physical characteristics 7 Which of three
related quantities such as (7), gb(?) and g(?) is the relevant quantity (in a specific
context or problem) ? Concerning the latter question it seems that there are
essentially two answers or views:

e The relevant quantity is the level I potential or field such as (8 (?), whereas the two
associated level II quantities such as gb(?) and g(?) belong to a more subtle physical

reality which is experimentally not yet explored.

e Another view is the following: The relevant quantity is one of the two level II
potentials or fields such as ¢(?) = (?) + g(?) which represents a modification of
the quantity of textbook electro- and magnetostatics. This view predicts a potential
and field which is always different from that of textbook electro- and magnetostatics.
This might appear unsatisfying, however it is maybe conceivable that the additional

potential or field such as g(?) develops its efficacy only under special conditions.

By means of a gedanken experiment and the feature that the level I potentials and
fields emerge from a difference of two level II quantities we derive a tentative
expression for the vacuum energy density in the absence of level I fields.

Also the electrodynamic ECE equations are briefly presented and discussed. We raise
the question if the approach presented in this work can also be applied to the
time-dependent ECE equations. In other words: Do also the time-dependent
potentials and fields emerge from a difference of two potentials or fields which both
depend on T and t ?
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1 The electrostatic ECE equations

1.1

The original equations and results and discussion of the
transformed equations

Several papers about the ECE electrostatics report on the presence of resonances in
the electric potential ¢, see e.g. Refs. [1, 2, 3, 4, 5, 6]. The resonances in ¢, which

D



may result in an extraction of usable energy from space-time, are related to certain
quantities which are not present in textbook electrostatics and electrodynamics.
They are called spin connection and are related to a spinning space-time.

The electrostatic ECE equations in vector notation are given by ! 2

v (we) =L
Ao~ V- (G0) = -2 1)
v x (&3 > =0 (2)
E=-Vo+do (3)
whereby A = % . % is the Laplace operator, p = p(?) the charge density, ¢ = ¢ ?)
— -

the scalar electric potential, w=w (?) the vector spin connection, and = F (1)
the electric field.

For w = 0 Egs. (1) — (3) merge into the equations of textbook electrostatics and Eq.
(1) yields the so-called Poisson equation

p
Agp=—— (4)
€o
For a spatially limited charge density, i.e. p(?) — 0 for r — oo, the well-known

L Eqgs. (1) — (3) emerge from the former set of the electro- and magnetostatic ECE equations, i.e.

Egs. (77) — (82), by Z = 0. Furthermore, Egs. (1) — (3) refer to the assumption that the so-called
polarization index can be omitted, i.e. one polarization only, see e.g. Ref. [6].

2 In this paper we use the same defintion of the sign of W as in Ref. [6] which is the most
straightforward definition resulting from the ECE field equations [7]. In the context of resonances in
¢ many ECE papers, see e.g. Ref. [8], use another definition of the sign, i.e. w is replaced by — W .
That means Eqs. (1) — (3) are replaced by A¢ + 3 (3 gi)) = —Eﬁ , % X (— w q{)) =0 and

0
]_17> = - egi) — v ¢ . We note that the minus sign in the second equation must not be omitted when
referring to Eq. (9) because w ¢ = % o has to be replaced by — w ¢ = % o . We raise the
question if this issue has been taken into account in the ECE papers. The ECE papers are focussed
on the spin connection and do not use the scalar field 0(7). However, it seems that a sign reversal
of w in Eq. (2) has to be considered in some way in the process of the ECE calculations, even if Eq.
(2) suggests to omit it because its right-hand side is equal to zero.



solution of Eq. (4) is given by * *

? 47reo///,r_ﬁR| R (5)

For a point charge ¢ located at a position & ie. p( R) =q0 ( R— ), whereby

5(?{ - a) =0(X —ay) 8(Y — ay) §(Z — a3) represents the Dirac delta function, Eq.
(5) reproduces the well-known Coulomb law °

o(r) = ! d (6)

47T€o|r—a|

Eq. (5) represents the summation of the Coulomb potentials

o 1 oR)

d*R 7
47T60|;’_§’ (7)

dep(

of all charges p(?{) d3R which are distributed in a spatially limited range.

For a given charge density p(?) the corresponding electrostatic potential ¢(?) and

. . . .
the spin connection w (7) results from the simultaneous solution of Eqgs. (1) and (2).
Now we consider their solution in the following way. Because of

v x (Vo) =0 (8)
Eq. (2) is satisfied if
Bé=Vo 9)

whereby o = (7 ) is a scalar field. Already at this point 1t is 0bV1ous that the

product w ¢ is not unambiguously defined because also w ¢ = V (0 + o) satisfies
Eq. (2) whereby o’ =o' (?) is another scalar field. It should be noted that Eqgs. (1)

3 1 - =
We recall that A ———— = —47§(r — R) whereby

=
) 7R
5(? —R)=0(x—X)d(y—Y)d(z—Z) represents the Dirac delta function.

4 The most general solution of Eq. (4) is given by

o= /I ?”(_ﬁ)ﬁ'm ¥ Grom(7)

whereby qﬁhom(?) is a solution of the Laplace equation A¢pem = 0

5 We note that the Coulomb law is also related to the Gauss law which is just another way to
express the Coulomb law. The Gauss law states that the total flux through a closed surface (which

is given by a surface integral) is Q whereby @ is the total charge located within the closed surface.
€

0
Thus, if there are only charges which are exclusively located outside of a closed surface, then the total
flux through this closed surface is zero.



and (2) represent four equations to determine the four quantities ¢ and w.
Nevertheless, due to the intrinsic ambiguousness of rotational fields or operators, the
solutions of these equations comprise a (nearly) arbitrary term.

In other ECE papers the spin connection w=w (?) represents an adjustable function
and the scalar field o = 0(7) is not considered. In this paper we have introduced the

scalar field o = 0(?) which is apriori an arbitrary function whose associated spin
connection can be calculated. By inserting Eq. (9) in Eq. (1) we obtain

8-V (Vo)=-2 (10)
and thus
A¢ = —Eﬁ + Ao (11)
0
or
Ag—o)-L (12)
0
or
N (13)
€o
whereby
B(r) = o(r) — o(7) (14)

Thus, at least formally, the arbitrary function a(?) and the quantity ﬁ(?) represent
scalar potentials, whereas the quantity ¢y Ao has the meaning of a charge density.
Eq. (13) is equivalent to Eq. (4) of textbook electrostatics.
According to Eqgs. (4) and (5) the solution of Eqgs. (11) — (13) for a spatially limited
—
r

charge density p(7) can be represented by ©

o(7) = — ///’)@ﬁjeoé"(ﬁ) d*R (15)

41 € r —R

6(7) = ﬁ%///% &R + o(7) (16)

B(7) = 6(7) — o(F) = ﬁ///% 4R (17)

The integral term in Eqgs. (16) and (17), and thus also the potential 6(7), is equal to
the potential of textbook electrostatics. Eqgs. (16) and (17) suggest two different
views how to consider the description of electrostatics by ECE Theory, namely

6 For the sake of simplicity we have omitted in Eqs. (15) — (17) on the right-hand side the solution
of the corresponding Laplace equation, see footnote 4 on page 7.



1. Eq. (16) suggests that gb(?) corresponds or is related to the potential of
textbook electrostatics. However, it depends also on the arbitrary potential
a(?), i.e. its specific form is not determined by the electrostatic ECE equations
(1) and (2).

2. Eqs. (13) and (17) shows that the potential 3(7) is equal to that of textbook
electrostatics. Thus, on the level of the potential 6(7) = ¢(?) — a(?) textbook
and ECE electrostatics are equivalent. In ECE electrostatics, however, the
potential 3 (7) arises from a difference between two potentials which both
depend on ?, whereas in textbook electrostatics the potential results from one

spatially dependent function.

We will discuss these both views somewhat later in more detail, however alreday at
this place it seems that the second view represents the more plausible interpretation.

We emphasize that in ECE and textbook electrostatics usually the same symbol ¢
for the potential is used. However, especially from the perspective of Eq. (17), they
do not represent the same physical quantitiy and have to be distinguished. In this
paper ¢ represents the potential which appears in the original electrostatic ECE
equations (1) — (3) and 8 corresponds to the potential used in textbook
electrostatics. According to Eqgs. (16) and (17) the case of 0(7) = constant
corresponds to the scenario of textbook electrostatics.

By inserting the potential (16) into Eq. (9) as well as Egs. (16) and (9) into Eq. (3)

%
we get its associated spin connection w and electric field E, namely

) = (18)

— — — —
E(F) = Bo () = Bo () = = V [6(7) = o(1)] = = V()
. (19)
47 € | 7 _ E |3
— —
whereby we have introduced the electric fields £, and E, by
— —
Ey=—V¢ (20)
— —
In contrast to the integral representation of the potential gb(?), see Eq. (16), the
—
integral representation of the electric field F (?) does not depend on a(?) and is

equal to that of textbook electrostatics. Thus, on the level of the electric field E (?)

9



the ECE and textbook electrostatics are equivalent. However, in contrast to the

—
latter, the electric field (?) in ECE electrostatics arises from a difference between
two electric fields which both depend on 7 and from a difference between two

potentials which both depend on T

Eq. (18) indicates that the spin connection 3(7) represents a nearly arbitrary
quantity because it is a function of the arbitrary potential a(?).

According to Egs. (14) — (21) the case of

o(r)=c (22)
, whereby ¢ is a constant, implies
B(F) = o(r) — ¢ (23)
w(r)=0 (24)
E, (1) =0 (25)
E(7) = Es(7) = — Vo(r) = — VA(T) (26)

and corresponds to the scenario of textbook electro- and magnetostatics.

As already mentioned above, Egs. (16) and (17) suggest two different perspectives
how to view the description of electrostatics by ECE Theory. Let’s first consider that
which is suggested by Eq. (16). Although 0(?) represents an apriori arbitrary
function, some restrictions for o(7), ¢(7) and w(r) result from the requirements for

a spatially limited charge density p(?), namely

0(?) —0 for r— o0 (27)
() =0 for r— oo (28)
W(r) =0 for r— oo (29)

In spite of these restrictions the number of choices for the function a(?) is still

infinite. This appears to be an unsatisfactory situation because, according to Eq.
(16), the nearly arbitrary function a(?) enters in the electric potential gb(?) Several
ECE papers, see e.g. Refs. [1, 2, 3, 4, 5], consider such functions Z(?) for which ¢
displays resonance features with respect to 7 and /or parameters associated with p

_>
such as k for

- =
p=po cos(k - 1) (30)
However, the ECE electrostatics in terms of Egs. (1) and (2) implies the presence of

a nearly arbitrary function a(?) in the potential gb(?) Thus it does not provide the

10



physical or experimental conditions which favor the occurrence of resonance features
in the potential ¢. Therefore we conclude that the ECE electrostatics in terms of
Egs. (1) and (2) is not sufficient to create resonance phenomena in the potential ¢.
We note that resonance phenomena are usually associated with dynamic and
time-dependent phenomena ” ® . Therefore the time-dependent electrodynamic ECE
equations appear as more appropriate candidates for resonance phenomena. The
presence of resonances in those equations are already reported, see e.g. Ref. [12].
The interpretation of ECE electrostatics in terms of Eq. (16) appears unsatisfactory
because of the presence of a nearly arbitrary function a(?) in the electric potential
gb(?) However, as already mentioned, there is another and more plausible way how
to view the description of electrostatics by ECE Theory, namely that which is
suggested by Egs. (17) and (19).

According to Egs. (17) and (19) textbook and ECE electrostatics are equivalent on

the level of the potential ﬁ(?) and field E(?) This means that 6(?) and ZE(?) is
identical with the potential and field of textbook electrostatics, respectively. In ECE
electrostatics, however, the potential ﬂ(?) = (b(?) - a(?) and field

E(?) = qu (7) — EU (?) emerge from a difference between two functions which both
depend on ?, whereas in textbook electrostatics they appear as one spatially
dependent function which corresponds to the case of 0’(?) = constant. Thus the
potential (;5(?) which appears in the electrostatic ECE equations (1) — (3) is not
identical with the potential £ (?) of textbook electrostatics. The single potentials
¢(7) and a(?) and single fields E¢> (?) and E’g (?), which are not specified by the
electrostatic ECE equations (1) — (3), point to a possible existence of a physical
reality beyond that of textbook electrostatics. We raise the questions if these single
potentials and fields are physically measurable and if they cause other physical

ﬁ.
effects than those of (?) and F (7) Possibly, the single potentials and fields, or
their effects, are physically not detectable (with present technology) or their
experimental verification requires special circumstances.

7 It should be mentioned that on the microscopic level nothing is static, everything is in permanent
motion. Therefore the static case represents an approximation which may be sufficient for some
macroscopic systems or considerations.

8 In Global Scaling — a new and holistic approach in science [9, 10] — resonance features may
appear on every physical scale, even when no macroscopic time dependence is involved. However, a
discussion of this issue is beyond the scope of this paper

9 Concerning the question if usable energy can be extracted from the space-time or quantum
vacuum in electro- and/or magnetostatic situations, we refer to the interesting work of C. W. Turtur,
see Ref. [11]. It reports on the conversion of vacuum energy into mechanical energy. A rotational
movement of a rotor was achieved by the presence of an electrostatic field which was created by a high
voltage (these experimental conditions might be considered as electrostatic or quasi-electrostatic). It
was clearly shown that the mechanical power P,,..; of the rotational movement is much higher than
the electric power P,; to maintain the electric field (in practice P, is not zero because at high voltages
there are always some small leakage losses). Thus the difference P,ecp, — Pey > 0 is extracted from the
vauum energy. Also a theoretical foundation of such an energy extraction is presented. It comprises
the presence of an energy circulation in an electro- or magnetostatic field and the influence of electro-
or magnetostatic fields on the propagation of the zero point (ground state) oszillations of the quantum
electrodynamic vacuum.

11



These considerations suggest that the presence of a charge density p(?) can be
viewed as a result from a symmetry breaking, i.e. according to Eq. (17)

) — ol

B(r) = (7 )=0 (31)

— — — — — —
Br)=o(r)—o(r)#0 & ¢(r)#o(r) for p(r) #0 (32)
The considerations in this section indicate that new observable features can only be
expected for more complex physical scenarios like electrostatics with a non-vanishing
homogeneous current (see section 1.3), electro- and magnetostatics (see section 2 and
3) and electrodynamics.

1.2 The special case of a spin connection which reproduces
the result of textbook electrostatics

In the previous section we have found that on the level of the potential
ﬁ

B(r) = gb(?) — 0(?) and field £ (7) the textbook and ECE electrostatics are
equivalent. There is another approach which likewise leads to a compatibility of ECE
and textbook electrostatics. This is given by choosing a specific spin connection
(3(?) that results in a potential gb(?) and field E(?) which is equal to that of
textbook electrostatics. This has already been reported in some ECE papers, see e.g.
Ref. [15, 16]. For a point charge ) such a particular spin connection 3(?) is, for

example, given by

e
—
Let’s verify that this spin connection w (7) reproduces the well-known Coloumb
potential and field. By inserting the Coulomb potential of a point charge @, i.e.
I Q
= — 34
¢ dmeg T (34)
and the spin connection (33) in Eq. (3) we obtain its electric field:
> o 1 v v 2 7
%
= - = — — | = — 35
E=—-V¢+uwo MEO( r3+Qr3> 4mer3 (35)
According to Eq. (34) and (35) the redefined potential
() = 6(7) = oD with p, =1 (36)
dmeg T
and the redefined electric field
—
- - = 1 T 1
E'(r) = = —  with pp =~ 37
() =pe B(F) = 7= Q5 with ps=3 (37)

reproduces the well-known Coulomb law. That means, from the ECE point of view,
every charge is associated with a spin connection. Note, however, that the scaling

12



—

factors p, and pg of the potential gb(?) and electric field (7), respectively, are not
equal (which might be viewed as an unsatisfying situation):

(38)

l\DI»—

pp=1F# pp=

=)

From Eq. (9) we can infer that the scalar ﬁeld a( ) which is associated with the

potential (b(?) q. (34), and electric field E(?‘), Eq. (35), is given by
1
o) =~ L= () (39)
T€Ey T

Now let’s consider the general case. As obvious from Eq. (16), a scalar field a(?)

which has the same dependence on T as the integral term in Eq. (16) may reproduce
the behavior of textbook electrostatics. That means if

a(?):ﬁ///% 4R (40)
)= 322 [ L g

whereby s is a parameter. The spin connection w( ), which is associated with the
potentials (41) and (40), is obtained by inserting Eq. (40) into Eq. (18):

we obtain from Eq. (16)

The electric field E( ) which is associated with the potentials (41) and (40) is
obtained by inserting Egs. (9), (40) and (41) into Eq. (3), namely

E()=-V(p—0)= 47T€0/// |T_R|3 d3R (43)

which is independent of the parameter s and equal to the electric field of textbook
electrostatics like Eq. (19). According to Eq. (41) and (43) the redefined potential

1

~ = —
3 = 4o 0(7) with gy = 1 (44)
and the redefined electric field
E()=qs E () with gqp=1 (45)
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reproduces the result of textbook electrostatics. Note, however, that also here the
scaling factors ¢, and gg are not equal (which might be viewed as an unsatisfying
situation):

1
= =1 46
4 1+s # 4 (46)
Theoretically, the parameter s, and thus also the scaling factor g4 , does not have to

be constant. If it depends on 7, then the behavior of textbook electrostatics may be
obtained by a spatially dependent redefinition of the potential.

We note that from the perspective of Eq. (16) and the considerations in this section,
a deviation from textbook electrostatics appears if the potentials

%ﬁo///% PR and  o(7) (47)

differ in their dependence on T, However, the electrostatic ECE equations (1) and
(2) do not specify the physical conditions which create such a difference.

1.3 Electrostatics in the presence of a homogeneous current

—
In this section we consider the electrostatic ECE equations for the case j# 0

- =
whereby 7= (?) is the so-called homogeneous current. The homogeneous current
*)

J (?) is related to effects of gravitation on electromagnetism °. The physical

circumstances under which a homogeneous current appears, or how it can be

generated experimetally in the laboratory, are presently not clear and therefore it is
%

usually assumed that j= 0 [17]. Nevertheless, as will be shown in this section, the
presence of a homogeneous current j (?) may create features in the potential qb(?) or
B(?) = gb(?) — a(?) which are not known in textbook electrostatics. Thus, in

contrast to the conclusions presented in section 1.1, the homogeneous current 7(?

)

represents a possibility to create resonance-like features in the potential gzﬁ(?) or
—

B(r) = ¢(?) — 0(?), at least theoretically.

%
In the case of j# 0 the electrostatic ECE equations (1) — (3) are modified with
respect to the second equation, see e.g. Ref. [18], and the complete set is given by

A¢—€-(Tu¢):—£ (48)
Vx(£6)=—pm s (49)
E=-Vo+wo (50)

10 Tn contrast to textbook physics the ECE Theory implies a coupling between gravitation and
electromagnetism.
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-
We assume that the homogeneous current j (7) represents a given function like the
charge density p(_>) To find the general solution of Egs. (48) and (49) we introduce

a vector field h n (r ) by
- — —
J =V Xh (51)
- = = = .
whereby A (7) represents a vector potential of j (7). This can be done because the
—
left-hand side of Eq. (49) indicates that the homogeneous current j (?) appears as a
—
curl of a vector field. We recall that the vector potential h (7) is an ambiguous
function because the addition of a gradient of any scalar field leaves j (7 (_))

unchanged. For a glven vector field j ( ) there are many ways to find an associated

vector potential h (r ) for example via the following formula [19]:

1 —
WPy =—7 x {/ j(s?)sds} (52)
0
By inserting Eq. (51) in (49) we obtain
— e —
Vv X <5¢)=—uov><h (53)
By taking into account Eq. (8) we infer that Eq. (53) is satisfied if

— — —
Wo=—poh+Vo (54)

whereby o = (7 ) represents an arbitrary scalar field. By inserting Eq. (54) in (48)
we get

A¢—€-(—uoﬁ+%)=—eﬁ (55)
0
and thus
e
Ap—0)=—pv-h — L (56)

€

[e=]

If l_;(?) and p(r) are spatially limited, i.e. 7{(?) — 0 for 7 — 0o and p(7') — 0 for
r — 0o, then the solution can be represented in analogy to Eqs. (11) — (17), i.e. M

—> +€0,U0€ ﬁ(?%) 3 —
) 4m/// SRR + o) (57)
or
. ~> +€0H06‘z(§)
BF) = ol — o) = = [[[ 22 sl tBan e

11 For the sake of simplicity we have omitted in Eqs. (57) and (58) on the right-hand side the
solution of the corresponding Laplace equation, see footnote 4 on page 7.
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Thus the divergence term €q g % . 2 corresponds to a charge density, at least

formally. By inserting Eq. (57) into Eq. (54) as well as Egs. (57), (58) and (54) into
—

Eq. (50) we obtain the spin connection w (7) and the electric field F (7) which are

associated with the potential (57), namely

30 = _Vo(r) — o h(r) (59)
/// p(R)_'—EO,UOV%h(R) d3R + O'(?)
47 e ?—R|
E(F) = —puoh (7) — VA7

|
|
15
>
<1
+
—
—
—
=<
|
\’;_gi
>
3
+
8
15
<
>
=
=
oy

Like that electric field which is represented by Eq. (19), the electric field given by

Eq. (60) does not depend on the arbitrary scalar field a(?). According to Eqs. (56)
_>

— (60) the vector field j (7) = 6 X z(?) may lead to modifications of the potential

— — — — - = . . .
o(r)or B(r)=¢(r)—o(r) and field F (7). Such modifications are not known in
textbook electrostatics. For an appropriate spatial dependence the homogeneous

- = 7 . . . -
current j () =V X h(7) may create resonance-like features in the potential ¢(7)

or B(r) = ¢(7) — o (7).

According to Eq. (58) the case of ﬂ(?) = ¢(
breaking of a symmetry:

?) — a(?) # 0 may be viewed as a

B(r) = o(r) —o(r) =0
(61)
— - =
for charge density [p(7) +eopo V- h(r)[ =0
B(r) = ¢(r) —o(r) #0
(62)
- =
for charge density [p(7) +eopo V- h(r)| #0
We note that, according to Eqgs. (49) — (60), the vector field ﬁ(?) should be a
source and rotational field at the same time, i.e.
- = — —
V-h#0 and Vxhn #0 (63)
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Otherwise there is no difference to the case described in section 1.1. For comparison

%
we note that in textbook electro- and magnetostatics the electric field F is a
non-rotational source field. i.e.

# 0 and exf?:() (64)

Al
of

ﬁ
and the magnetic field B is a source-free rotational field, i.e.

— —

=0 and VXB #0 (65)

<!
oA

1.4 Summary

By introducing two further scalar potentials, a(?) and [ (7), by
w o= 60 (66)
f=0¢—0 (67)
the electrostatic ECE equations (1) — (3) were transformed into
Ag=-L (68)
€0
— —
E=-Vp (69)

These equations do not contain the vector spin connection w any more and permit a
direct comparison with the equations of textbook electrostatics. Actually, with
respect to the scalar potential # and electric field E the Egs. (68) and (69) are
equivalent to the equations of textbook electrostatics. For a spatially limited charge
density p the solution of Eq. (68) is given by *

B(7) = ¢(7) — (7)) = ﬁ///ﬂ%' 'R (70)

—
7 -

and thus

B =Ee®) - B ()= o [[f S8 en

whereby

E’¢ = — §¢ (72)

12 The most general solution of Eq. (68) is given by

ey e R

whereby Bhom(?) is a solution of the Laplace equation ABpom = 0

17



— —

Ea’ = - VO (73)

Thus, on the level of the potential 3 (?) and field E(?) the textbook and ECE
electrostatics are equivalent. In ECE electrostatics, however, the potential and field
arises from a difference of two potentials or fields which both depend on 7. This
peculiar feature is an effect of the vector spin connection w (?) which is related to
the spinning or torsion of space-time. We emphasize that the potential gb(?) which
appears in the electrostatic ECE equations is not identical with the potential £ (?) of
textbook electrostatics. In contrast to that, the field E(?) which appears in the
electrostatic ECE equations is equal to the field of textbook electrostatics.

The potentials gb(?) and 0(?) and fields E¢ (?) and EU (?), which are not explicitly
specified by the electrostatic ECE equations, point to a possible existence of a

physical reality beyond that of textbook electrostatics. We raise the question if these
potentials and fields, or their effects, are physically measurable and if they carry the

5
same physical characteristics like those of (?) and F (?)
Another significant question is which of the three associated potentials (?) , gb(?)
— — —
and 0(7) and which of the three associated fields E(?) . Ey (?) and F, (7) is the
relevant quantity (in a specific context or problem). It seems that there are
essentially two answers or views:
. . — — - = - =
1. The relevant quantity is ¢(r) or o(7) as well as Fy(7) or E, (1) . These
quantities can be considered as a modification of the corresponding textbook
quantity, e.g. gzﬁ(?) = /B(?) + O'(?) represents a modification of B(?) which is
the potential of textbook electrostatics. This view predicts a potential and field
which is always different from that of textbook electrostatics. This might
appear unsatisfying, however it is conceivable that the additional quantity such
as 0(7) develops its efficacy only under special conditions.
— - =
2. The relevant quantity is the potential (7 ) and field F () of textbook
—
electrostatics, whereas the potentials qb(?) and a(?) and fields E, (?) and
- . . L .
E, (1) belong to a more subtle physical reality which is experimentally not yet

explored.

The potential a(?), however, is a nearly arbitrary function, i.e. it is not explicitly
specified by the electrostatic ECE equations, and thus also the potential qﬁ(?) is an
ambiguous quantity. Therefore the first view seems to be unsatisfying and we
conclude that the second view makes more sense. This means that ECE
electrostatics in the form of Egs. (1) — (3) does not imply new phenomena which are
(easily) verifiable in an experimental manner, even if any electrical charge is
associated with a vector spin connection w (?) and the potential [ (?) and field £ (?)

emerge from a difference of two potentials or fields which both depend on T

_>
However, if we assume that the so-called homogeneous current j (?) is not zero, then
the electrostatic potentials and fields may show novel features which are not possible

18



_>
in textbook electrostatics. According to ECE Theory the homogeneous current j (?

is related to effects of gravitation on electromagnetism. The electrostatic ECE

)

=

equations for j ( ) # 0 are given by Eqs (48) — (50). In a similar way as above
ﬁ.

and by introducing the vector potential h (7”) of the homogeneous current j (7 ) by

— — —
)=V Xh (74)
the Egs. (48) — (50) can be transformed into equations which do not comprise the

H
vector spin connection w (?) any more. The resulting potential 3 (?) and field F (?)
is given by 13

) = ¢(7) — o(7) = 47TEO/// Ti“i“;ﬁ(ﬁ)dm (75)

N —
r

)= —poh (1) = VB(F)

i /// (F = ) [p(R) + €o 10 V- 10 (R)] .

47r60\ T—R|3

Even if it is presently not clear how to generate a homogeneous current experimetally
in the laboratory, its influence on electrostatic potentials and fields is an interesting
effect, at least theoretically.

2 The former set of the electro- and
magnetostatic ECE equations

In this section we will consider the former set of electro- and magnetostatic ECE
equations which are eight equations with eight variables. We will show that these
equations can be transformed into 4 equations with 4 variables. This can be done by
the introduction of a scalar field g(?), similar to the scalar field 0(?) used in section
1. This scalar field g(?) stands for the difference between ECE and textbook
electrostatics and in this sense it assumes the role of the overall four spin connection

components 3(7) and wo(?).

2.1 The set of equations in its original form

The former set of the electro- and magnetostatic ECE equations in vector notation,
see e.g. Ref. [20] or [21], is given by **

13 For the sake of simplicity we have omitted in Eq. (75) on the right-hand side the solution of the
corresponding Laplace equation, see footnote 12 on page 17.

14 Egs. (77) — (82) refer to the assumption that the so-called polarization index can be omitted,
i.e. one polarization only, see e.g. Ref. [21].
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Field equations in terms of potentials:

v (xd)=0 (77)
%x(ng—?mo):o (78)
Aqa—%.(w—ﬁwo):—g (79)

or (80)
S (33) - A% - Tx (Bud) i

Field-potential relations:

E=-Vo+dd—Aw (81)
— — — o =
B=VxA— wxA (82)

whereby A = A(7) is the vector potential, J = J(7) the current density, wy = wo(7)

the so-called scalar spin connection, w=w (7) the so-called vector spin connection,
— — — —

E = E(?) the electric field, and B = B (?) the magnetic field. The two different
forms of equation Eq. (80) are based on the relation

— — — N e —
VxVxA=v(V-4)-Aai (83)
Egs. (77) — (82) merge into the equations of textbook electro- and magnetostatics if
° (f} ¢ = 7{ wWo
— — — —
which implies w x A = 0 because in this case w and A are (anti)parallel to

each other — this condition is reported in Ref [13] for the electrodynamic
equations and works also for the electro- and magnetostatic case

or

oZanndw():O
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2.2 Results and discussion of the transformed equations

Eqgs. (77) — (80) represent 8 equations to determine the 8 quantities wy , w , ¢ and

_>

A. Nevertheless, due to the presence of rotational fields and operators, the solutions
comprise an ambiguousness. By taking into account Eq. (8) we may infer from Eq.
(78) that

— — —

weo—Aw=Vy (84)

whereby g = g(?) represents a scalar field which is apriori ambiguous. Now let’s take
ﬁ

the cross product with A on both sides of Eq. (84), i.e.

— — — —
(€6 -Aw) x A= (Vo) x 4 (85)
Because the second term on the left side vanishes we get
— —
N (V g) X A
WX A= T (86)

By inserting Eq. (86) into Eqgs. (77) and (80) as well as Eq. (84) into Eq. (79) we
obtain

L [(E0) <
V- |——F—| =0 (87)
¢
— (69) X Z — — — —
—V X 5 + VXVXA=pJ (88)
Alp—g) =ag=-L (89)
€o
whereby

B(r) = o(r) = g(7) (90)

Thus we have reduced the eight Eqs. (77) — (80) with eight variables to the five
_>

equations (87) — (89) with five variables ¢, g and A. By inserting Eq. (84) in (81)

and (86) in (82) we get the corresponding electric and magnetic field:

— — —
E==-V(p-9)=-Vp (91)
— —
O — — (Vg) X A
B=VXA — |——— (92)
¢
Interestingly, looking at Eqs. (87) — (92), the spin connections 3(?) and wo(?) do

not appear any more. Thus, in this approach or representation the difference

21



between ECE and textbook electro- and magnetostatics is given by a single quantity;,
namely the scalar field g(_>) which represents a potential. This resembles to the
approach presented in section 1 where the related potential o(r ) takes quasi over the
role of w (H)

For a spatially limited charge density p(?), ie. p(?) — 0 for r — o0, the well-known
solution of Eq. (89) is given by

?3=¢Gﬁ—gﬁ>:zﬁa/[/rfg%id%% (93)

By inserting Eq. (93) into Eq. (91) the electric field E’ becomes

B

— — — — — — — — - —
mm:Eum—Eﬂm:—va>gwﬂ ~- VA7)
(7 (94)
/e
47T60 | 7 R |3
whereby we have introduced the electric fields F4 and Ey by
— —
Ey=—V¢ (95)
— —

—

According to Eq. (93) and (94) the scalar potential B(?) and electric field E(?) is
equal to the scalar potential and electric field of textbook electro- and

magnetostatics, respectively. Thus, on the level of the scalar potential (?) and
*>
electric field F (7) the ECE and textbook electro- and magnetostatics are equivalent.
—
However, in ECE Theory the scalar potential /3 (?) and electric field E(?) emerge

from a difference between two quantities which both depend on ?, whereas in
textbook electro- and magnetostatics they result always from one spatially
dependent function.

According to Eqgs. (93) — (96) the case of

—
T

9(1) = g0 (97)

, whereby gq is a constant, implies

— —

B(r) =¢(r) —go (98)

15 The most general solution of Eq. (89) is given by

)= e [l 2B

whereby ,Bhom(?) is a solution of the Laplace equation ABpom = 0
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E,(7) =0 (99)

- I — — - —
E(r)=Es(r)=—vVo(r)=—vVp(r) (100)
and corresponds to the scenario of textbook electro- and magnetostatics.

We emphasize that ECE and textbook electro- and magnetostatics usually use the
same symbol ¢ for the scalar potential. However, according to the above-mentioned
results they do not represent the same quantity and have to be distinguished. In this
paper ¢ represents the scalar potential which appears in the original electro- and
magnetostatic ECE equations (77) — (82) and 8 corresponds to the scalar potential

ﬁ.
of textbook electro- and magnetostatics. In contrast to that, the electric field F,
which likewise appears in the original electro- and magnetostatic ECE equations (77)
— (82), is identical to the electric field of textbook electro- and magnetostatics.

Now let’s consider the magnetic field E By inserting Eq. (82) into the upper part of
Eq. (80) or by inserting Eq. (92) into Eq. (88) we obtain

— — —

VXB=uJ (101)

— —
which is the same relation between magnetic field B and current density J as in

5
textbook magneto- and electrostatics. From Eq. (77) ¢ we infer that w % A can be
written as

— — — —
WX A=V XV (102)

— —
whereby V =V (?) is another vector potential which depends in some way on the
— — — —
vector poential A = A(?) We introduce another vector potential A = A (7) by
— — —
A=A-V (103)

From Egs. (82), (102), and (103) it follows that the magnetic field E can be
represented as

— = — — — - = = —
B=V><A=V><<A—V>=V><A—V><V
(104)
- = L -
=VXA—-—wxA

— — —
With respect to the magnetic field B, current density .J, and vector potential A, the
Egs. (101) and (104) are the same as those in textbook magneto- and electrostatics.

Thus X coresponds to the vector potential used in textbook magneto- and
electrostatics. By inserting Eq. (104) into Eq. (101) and by means of Eq. (83) we get

— —

Vx(VxA)=V(VA)= AKX = (105)

—
16 Looking at Eqs. (82) and (77) we see that the latter is equivalent to V - E = 0 which means
the absence of magnetic monopoles.
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By using the so-called Coulomb gauge % . X = 0, see footnote 29 in section 3, Eq.
(105) becomes

— —
AN=—p J (106)
— —
For a spatially limited current density J(7), i.e. J(7) — 0 for r — oo, the vector
- = —
potential A = A — V which solves Eq. (106) is well-known, namely 7

- =

X(?)ZZ(?)_‘?(H):I—;///%C%’R (107)

By inserting Eq. (107) into Eq. (104) the magnetic field E results in

B(¥) = Ba(¥) = Bv(7) = V x [A() V()] = Vv x ()
- — (108)
po /// J(R) X (" = R) sp
- —
47 |7 —R|3
— —
whereby we have introduced the magnetic fields B4 and By by
— — —
Ba=VXxA (109)
— — - 5 =
By =VXV=0xA (110)

— —
According to Eq. (107) and (108) the vector potential A (?) and magnetic field B (7)
is equal to the vector potential and magnetic field of textbook magneto- and
. . g
electrostatics, respectively. Thus, on the level of the vector potential A (7) and
_>
magnetic field B (?) textbook and ECE magneto- and electrostatics are equivalent.
However, in ECE Theory
—
e the vector potential A (7) emerges from a difference between two vector
potentials whose curl do not vanish
—
e the magnetic field B (?) emerges from a difference between two magnetic fields
which both depend on 7

whereas in textbook electro- and magnetostatics they result always from one
spatially vector field.

17 The most general solution of Eq. (106) is given by
- -
— —
K@) = 2 [ LU0k + Ko ()
IR

— —
whereby the components of A pom, (7

N
) are solutions of the Laplace equations A Apom = 0
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According to Eqgs. (103), (104), (108) — (110) the case of

) (111)

— —
VxV(r)=0 (112)
A7) =A() = Va() (113)
By (7)=0 (114)
B =Ba(F) =V x A7) =V x A(7) (115)
and corresponds to the scenario of textbook magneto- and electrostatics. Another

way to describe this case is obvious from Eqs. (87) — (92), namely by g(?) = gy
whereby g is constant.

We emphasize that ECE and textbook magneto- and electrostatics usually use the

%
same symbol A for the vector potential. However, according to the above-mentioned
results they do not represent the same quantity and have to be distinguished. In this

N

paper A represents the vector potential which appears in the original magneto- and
—

electrostatic ECE equations (77) — (82) and A corresponds to the vector potential of

5
textbook magneto- and electrostatics. In contrast to that, the magnetic field B,
which likewise appears in the original magneto- and electrostatic ECE equations (77)
— (82), is identical to the magnetic field of textbook magneto- and electrostatics.

The above considerations have shown the equivalence of ECE and textbook electro-
and magnetostatics on the level of the

e vector potential

e magnetic field 13(

— —

This means that the scalar potential (7), electric field E(?), vector potential A(?)
%

and magnetic field B (?) is identical with the scalar potential, electric field, vector

potential and magnetic field of textbook electro- and magnetostatics, respectively. In

ECE electro- and magnetostatics, however, these four quantities (we call them level I

quantities) emerge from a difference of two quantities (we call them level 11

quantities) which both depend on ?, whereas in textbook electro- and
magnetostatics they result always from one spatially dependent scalar or vector field
which corresponds to the case g(?) = constant. The level II scalar potentials ¢(?)
H

r

— — — — — —
and g(r), level II electric fields B, (7) and E, (1), level II vector potentials A (1)
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and \7(?), and level II magnetic fields fg A (7) and Ev (7) point to the existence of a
possible physical reality beyond that of textbook electro- and magnetostatics. We

raise the following questions:

e Are the level II potentials and fields, or their effects, physically detectable ?
Possibly their experimental verification requires special circumstances and / or
special measurement techniques.

e Do the level II potentials and fields carry the same physical characteristics like
— — —
those of the level I quantities 5(7) , E(?) , A(?) and B(?) ?
e Which of three related quantities such as 5(?), gzﬁ(?) and g(?) is the relevant
quantity 7 Possibly this depends on the specific context or problem.

Concerning the latter question it seems that there are two possibilities how to view
= — —
r r

the physical meaning of three related quantities such as 3(r), ¢(7) and g(r):
1. The relevant quantity is that which corresponds to that of textbook electro-

and magnetostatics, i.e. for example 3 (?), whereas the level II quantities such

as gb(?) and g(?) belong to a more subtle physical reality which is

experimentally not yet explored.
2. The relevant quantity is one of the two level II quantities, i.e. for example gb(?)

or g(?), and represents a modification of the quantity of textbook electro- and
magnetostatics. For example, ¢(7) = B(r) + g(r) represents a modification of
—

p(r).

— - = - = —
r r

On the level of the four quantities 5(7) , E(7), A(7) and E( ) textbook and ECE
— - =

electro- and magnetostatics are equivalent. The potentials 5(7) and A () are given
by Egs. (93) and (107) which are solutions of the linear decoupled second-order
differential equations (89) and (106). The fact that Eqs. (89) and (106) are
decoupled means that there is no coupling between electric and magnetic quantities.
This is obvious from Eqs. (93), (94), (107) and (108) which show that

e the scalar potential (7) and electric field £ (7) is exclusively specified by the

charge density p(?)

— —
’

e the vector potential X( ) and magnetic field B (7) is exclusively specified by
)

—
r

%
the current density .J (

Interestingly, however, for the level II potentials and fields gb(?) , g(?) : E¢ (7) ,

- - — - — — - — . . .
Ey (), A(r),V(r), Ba(r) and By (r) there is a coupling between electric and
magnetic quantities, i.e. in general each of these quantities depends on p(?) and

j(?) This coupling is described by Eqgs. (87) — (89). Once the scalar potentials

%
gb(?) and ¢(7) and the vector potential A(?) are determined from Egs. (87) — (89),
the other level II quantities can be computed from Eqgs. (95), (96) and (107) — (110).
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Now we turn once again to Eqgs. (87) — (89). In contrast to the (nearly) arbitrary
scalar potential 0(7) used in section 1, the related scalar potential g(?) in Egs. (87)
— (89) appears apriori not as an ambiguous quantity. Nevertheless, the structure of
Eqgs. (87) — (89) suggests the existence of an ambiguousness in the overall solution.
For example, an ambiguousness in the overall solution of Eqgs. (87) — (89) may arise

from the transformation

— — — —
G (E) i B
-_— 5 —F— + Vw 116
¢ ¢
whereby w = w(?) is a scalar field. This transformation leaves Eq. (88) unchanged,
whereas in Eq. (87) an additional term Aw appears. However, if the scalar field
w = w(?) satisfies the Laplace equation, i.e. Aw = 0, then also Eq. (87) remains
unchanged.
In Eq. (84), with regard to Eq. (78), the scalar potential g(?) appears as an
ambiguous quantity. It seems as if the ambiguousness of g(?), when going from Eq.
(84) to Egs. (87) — (89), is shifted to the spin connection which is, however, not
%
needed any more for the determination of gb(?) and A (?) According to Eq. (84) the
vector spin connection w (?) is given by

— —
Vg +Aw0
¢

) is undetermined and represents an

—
W =

(117)

=4

whereby the scalar spin connection wpy(
arbitrary function.

2.3 The equations for the level 11 potentials

Egs. (87) — (89) can be further simplified to four coupled first order differential
equations with four variables in the following way. By inserting Eq. (101) into Eq.
(88) we get

— — — —
~V x 5 + VXAl =VxB (118)
By taking into account Eq. (8) we infer that Eq. (118) is satisfied when
— —
(Vg) XA S5 L 5 S
—~—2 4+ VXA=B+ V¢ (119)

¢
whereby 1) = w(?) is apriori an arbitrary scalar field. From Eq. (90) we obtain

— — —
Vg=Vo¢—-Vp (120)
Inserting Eq. (94) into Eq. (120) yields

— — —
Vg=V¢+E (121)
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By inserting Eq. (121) into Egs. (87) and (119) we get

- =
v |EEVe G- (122)
¢
- =
SEEVE XA ¢ VxA = By (123)
A =0 (124)

whereby the level I fields, which are given by Egs. (94) and (108),

! (R) (" — R)
— — r —
E(r)=-VB(r) = 1 ///p ~————>d’R (125)
T € | r — R |3
- = — —
— — — —
B(?):v><A(7)=&///J<RlX =R g (126)
i 7= RIY
are considered as given functions because they depend exclusively on the charge

.
density p(?) or current density .J (?) The scalar field zﬁ(?) represents the presence
of an ambiguousness in the solutions.

Eq. (124) comes about by taking the divergence of Eq. (123) and taking into account

Eq. (122) and % . B = 0. The latter is obvious from Eq. (126) and means the
absence of magnetic monopoles.

Thus we have obtained four coupled first-order differential equations, namely Egs.
— —
(122) and (123), with four variables ¢(7') and A (7). Once ¢(7) and A(7) are

determined from Eqs. (122) — (126), their associated quantities g(?) , Z%(?) ,
- — - - —

Ey(r),V(r), Ba(r)and By (r) can be computed from Eqs. (93), (95), (96),
(107), (109) and (110).

Let’s turn to the statement that Eqgs. (122) and (123) are first-order differential
equations. Obviously, Eq. (123) comprises only first order derivatives. This is also
true, but maybe less obvious, for Eq. (122). To verify this we evaluate the divergence
term of Eq. (122) according to the well-known rules of vector calculus '*:

- =

E+V¢ E+Ve\ (E+Vo
— — — — — —
XA =A VX ——/—m | = | ———— -(VXA) (127)
¢ ¢ ¢
The term in the first bracket on the right-hand side yields
— — —
— — — —
VXE+—W—VXE+VX[VIH<£>} (128)
¢ ¢ Po
18 Examples of useful relations are V- (d x —>) —b - (_> xa)—d - (% X Z) and V x (sa) =
s (3 X ZL)) + (6 s) X a whereby @ = a (?) and Z = Z (?) are any vector fields and s = 3(7) is

any scalar field.



whereby ¢g is a constant. Because the second term on the right-hand side vanishes
we obtain

— E—F%(ﬁ — ZC 1~ — |:—>(1>:| —
VX ———— =VX— = -VXFE+ |V||IXE 129
¢ ¢ ¢ ¢ (129)
According to Eq. (125) the electric field E is curl-free, i.e. V X E = 0 and we get
E+V¢ 1 E XV
— — — — X
VBT = [9(5)] < E= - (Fe) < BB

Inserting Eq. (130) into Eq. (127) leads to

— —

Z~(ije¢> <E+§¢><§xz)

— E+ Vo —
Vo|l—/— /X A| = - 131
Inserting Eq. (131) into Eq. (122) results in
Z-@fx%¢)—¢(§+§%ﬁ-6§xﬁ>:() (132)

Now it is obvious, because Eq. (132) is equivalent to Eq. (122), that the four Egs.
(122) and (123) are indeed first-order differential equations. Compared to the eight
second-order differential equations (77) — (80) with eight variables and the five
second order differential equations (87) — (89) with five variables, the Eqgs. (122) —
(124) represent a significant simplification because they are four first order
differential equations with four variables. Possibly there is an analytical solutlon of
Egs. (122) — (124). In contrast to the (nearly) arbitrary scalar potential o(r ) used
in section 1, the related scalar potential g(%) in Eqs. (122) and (123) appears apriori
not as an ambiguous quantity. However, the presence of the scalar field w(?) and
rotational fields and operators in Eqgs. (122) — (124) indicates the existence of an
ambiguousness in the overall solution.

We note that there is also another way to derive Eqs. (122) and (123), namely by
using Eqgs. (81) and (82). Solving Eq. (81) for w yields

— — —
E+V¢+WUA

5
5 (133)
-
Inserting this into Eq. (82) and by using A x A4 =0 we get
E+Vé
— — — —
—T XA+ VxA=B (134)

which is identical to Eq. (123) if 61/1 = 0. By taking the divergence on both sides of

Eq. (134) and by means of e . E = 0, which follows from Eq. (126) and means the
absence of magnetic monopoles, we obtain Eq. (122).

The Eqgs. (122) — (126) imply the following special cases:

e Absence of charge density p , i.e. p =0 and thus Z? =0
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— — —
e Absence of current density J ,i.e. J =0 and thus B =0

e Absence of charge density p and current density 7 ,i.e. p=10 and 7 =0 and

thus £ = B = 0 . In this case the solutions of Egs. (122) — (124) represent
possible level II vacuum potentials in the absence of level I fields. This case is
considered in section 2.4.

2.4 The equations for the level 1II potentials in the absence
of level I fields: The vacuum equations

Recently H. Eckardt and D. W. Lindstrom have published a paper about the

solutions of the latest set of electrodynamic ECE equations in the absence of level 1

electric and magnetic fields [25]. They point to the existence of non-vanishing
vacuum potentials [25].

In the follwing we will study the former set of electro- and magnetostatic ECE

— —
equations in the absence of level I electric and magnetic fields, i.e. for B = F = 0.
Their solutions indicate the existence of non-vanishing level II vacuum potentials and
fields.

The absence of a charge density p and current density j, ie. p=0and 7 =0,
— —
implies £ = B = 0 and Eqgs. (122) — (124) result in

[% In (%)} : (% x Z) ~=0 (135)

{Vln((/b)]XZﬂL exz =
%o

At =0 (137)

<!
<

(136)

whereby ¢q is a constant. We recall that the scalar field 1/1(?) represents the presence
of an ambiguousness in the solutions. The solutions of Eqs. (135) — (137) represent

— — —
possible vacuum potentials gb(?) and A(?) in the absence of level I fields £ and B.
_)
We note that in electrodynamics for p = 0 and J = 0 another type of vacuum
solutions exist, namely such with non—vamshmg time- dependent fields E and B In

electrostatics, however, p = 0 and J = 0 always implies E B = 0.

For V;D = 0 the Eq. (135) is no longer independent from Eq. (136) because Eq.
(136) results in

VX A= {€1n(ﬂ>} x A (138)
%o

Inserting this into Eq. (135) implies a scalar triple product which always vanishes
because two of the three involved vectors are equal.
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Thus for elb = 0 the level II vacuum potentials gb(?) and A (?) in the absence of
level T fields are determined only by Eq. (138) which can also be written as

(§g>><71 — VXA (139)
whereby
£(r) =n (%?) (140)

—

We note that if a; vector potential Z () satisfies Egs. (139) and (140) or Eq. (138),
s
then because of V X ( > = 0 and (Vf) ( ) = 0 also

AP = A(F) +ev 1%%) (141)

is a solution of Eqgs. (139) and (140) or Eq. (138) whereby c is a constant.

In the following sections 2.4.1 — 2.4.6 we present some solutions of Eqgs. (135) —
(137), Eq. (138) or Egs. (139) and (140).

From Egs. (93) — (96) and (107) — (110) we infer for p = 0 and j = Z? = l_3> = 0 for
the level II potentials and fields the following relations which are associated with
Egs. (135) — (137) and their solutions:

6(1) = g(7) (142)
Eo(7) = By (7) = = Vo(7) (143)
AGT) =V () (144)
Ba() = By (¥) =V x A(7) (145)

B(r) = ¢(r) = g(r) =0 (146)
E(F) = Es(¥) = E,(F) =0 (147)
AP = A V(D=0 (148)
B(F) = Ba(r) = By (1) =0 (149)

31



2.4.1 Solutions with vanishing level II fields
The most simple solution of Eqgs. (135) — (137) is given by

o(7) = 6 (150)
AT) = A (151)
Y(7) =1y (152)

N
whereby ¢, , Ag and vy are constants. According to Egs. (143) and (145) the
associated level II fields vanish, i.e.

Ey(F) = Ey(F) = = V(1) =0 (153)
Ba(7) =By (F) =V x A(F) =0 (154)

This case corresponds to the vacuum solutions of textbook electro- and
magnetostatics.

2.4.2 Solutions with vanishing level II magnetic field
Another solutions are those which imply

—
T

() =t (155)

and a curl-free vector potential, i.e.
— -
VXA(r)=0 (156)

whereby 1y is a constant. In this case, according to Eq. (145), the associated level 11
magnetic fields vanish:

Ba(7)= By () =V x A(F) = 0 (157)
From Eq. (156) we infer
A() = Ve (158)

whereby & (?) is any scalar field. In this case the cross product in Eq. (136) has to be

zero and thus the two vectors % In(¢/¢pg) and A are (anti)parallel to each other, i.e.

v ln<%> —cA=cVET) (159)
and thus
6(F) = gy exp(c £()) (160)
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whereby c is a constant. Inserting Eq. (160) into Eq. (143) yields for the associated
level IT electric fields

—
r

) == Vo(r) = —cop exp(c£(F)) VE(T) (161)

2.4.3 Solutions with constant level IT magnetic field
Further solutions are those which imply the most simple case of % X 71 (?) #0,
namely

— - —

V x A(7) = Bao (162)
whereby E Ao is a constant vector. In this case, according to Eq. (145), the
associated level II magnetic fields are

—

Ba(

— - = -
r T

)= By (¥) =V x A(7) = Bao (163)
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N
r

A simple example of a vector potential Z( ) which satisfies Eq. (162) is given by

B -y

ATy =22 & (173)
2
0
which yields
0
— -

V X A(r)=Bag| O (174)

1

=
19 A somewhat more complicated vector potential A (?) which implies a constant curl results

from the ansatz

L ~y
A =f) | (164)
0
which leads to
o o df(r) ( 0 )
VXxA=|2f(r)+r ] 0 (165)
dr 1

whereby f(r) is any function of

r= /22 + y>? (166)

Eq. (165) represents a constant vector if

d
2f(r)+ri=BAo (167)
dr
whereby Bag is a constant. Eq. (167) corresponds to a differential equation of the type
d
I () £r) = o) (168)
dr
with
2 B
u(r)=— and wv(r) = A0 (169)
r r

The general solution of Eq. (168) is well-known, namely

Fr) = exp(— / u(r) dr) [fo + / u(r) exp( / u(r) dr) dr} (170)

whereby fj is a constant. Inserting Eqs. (169) into Eq. (170) results in

Bao | fo
f(r):?—#ﬁ (171)
Inserting Eqs. (171) and (166) into Eqs. (164) and (165) yields
—y 0
- = fo Bao 2=
Al ){M+2}( 3) = VXABAo((1)> (172)
whereby fo and B g are two parameters. Thus the curl of this vector potential Z (7) is a constant

vector which depends only on B4 but not on fj.
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o
whereby Bag = | Bao | is a constant. Now let’s try to find a scalar potential qb(?)

which solves Eqgs. (135) — (137) when the vector potential Z(?) is given by Eq.
(173). Inserting Eq. (174) into Eq. (135) yields

[v ln((;i)] : (% x Z) BAoiln(;Z) 0 (175)

For Bg # 0 this implies

i1 ((ZZ) 0 (176)

and thus qﬁ(?) does not depend on z , i.e.

¢ = ¢(z,y) (177)

Inserting Eqgs. (173) and (174) into Eq. (136) and taking into account Eq. (177)
leads to

_0¢
0=5s (178)
_0¢
0=3, (179)
Bao a 3 6 9 _ 0y

According to Eq. (177) the scalar potentlal ng does not depend on z and thus we infer
from Eqs. (178) — (180)

Y =1o+bz (181)
whereby 1 and b are constants. Thus Eq. (180) results in
9 ¢) 9 <¢) 2(Bao —0)
a: — ln +y— ln —_— 182
<¢0 Po Bao (182)
A solution of this partlal differential equatlon is given by
¢ 2(BAO—b) \/1'2+y2
——— In| ¥—— (183)
% Bao To

whereby 7 is a constant, and thus

N
r

¢

) = ¢p exp

Q(BAO —b) 1n<\/l’2+y2)

B 7o

(184)



Inserting Eq. (184) into Eq. (143) yields the associated level II electric fields, namely

20
- = - = - = \/ x? 2 _B_ z
E¢(T>=Eg(r)=—v¢(r)=—¢o(xr—jy> 0y (185)
0

2.4.4 Solutions with level IT magnetic and electric fields which both
depend on the position vector
_>
Another solutions are those which imply a vector potential A (7) whose curl is not
constant. A relatively simple example of such a vector potential is

— n _y
A(r) =ao (2> +y?) x (186)
0
and thus
— - n O
V x A(r)=2ao(n+1) (z*+y?) 0 (187)
1

whereby ay and n are constants. In this case, according to Eq. (145), the associated
level IT magnetic fields are

- - — - - n 0
Ba(r)=By(r)=V x A(7)=2ag(n+1) (2> +y?) 0 (188)
1

N
r

Now let’s try to find a scalar potential ¢(7) which solves Eqgs. (135) — (137) when

the vector potential Z(?) is given by Eq. (186). Inserting Eq. (187) into Eq. (135)
yields

[6 ln<%>] (V< A) =200 (n+1) (x2+y2)”%1n(3) —0  (189)
For

ap(n+1) (22 +y>)" #0 (190)

0 o\

and thus qﬁ(?) does not depend on z , i.e.

Eq. (189) implies

¢ = o(z,y) (192)

36



Inserting Eqs. (186) and (187) into Eq. (136) and taking into account Eq. (192)
leads to

oy
5o =0 (193)
Y
5y =" (194)

0 0 0
e () ()]

(195)
+ 2a9(n+1) (z? +y2)n
For the sake of simplicity we choose
Y =1y (196)
whereby 1) is a constant. In this case Eq. (195) results in
() ()
r—In{—|+y—In|l—)=2n+1 197
f%c(cm Yoy \5p) T2 1o
A solution of this partial differential equation is given by
/2 2
1n(£) —2(n+1)In (x—“’> (198)
%o To
whereby 7 is a constant, and thus
2 2
gb(?) =¢p exp|2(n+1) In <:Ur—+y>
0
( ) (199)
2(n+1
.I'Q + 2
= ( s )
To

Inserting Eq. (199) into Eq. (143) yields the associated level II electric fields, namely

2n
. — Vo(F) = — o (—”“’) y (200)
0

Es(¥) = B,(7) = -
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2.4.5 A class of more general solutions

Further solutions of Eq. (138) or (139) are the following. By inserting the ansatz

1
A(T) = a(T) 1 (201)

into Eq. (139) we obtain

da da  0¢ 0¢&
8y_8z_a(9y 5z (202)

da Jda 0¢& 0¢&
dz O a&—a% (203)

da Jda 0¢& o0&
T g = 4
dx 0dy a@x a@y (204)

whereby a(?) is any scalar function. These equations are satisfied if

¢r)=In <%")> (205)

whereby ag is a constant. Because of Eq. (140) this implies

a(r) _ o(7)
w o (206)
and thus Eq. (201) becomes
- = — 1
A(r)=¢(r)| 1 (207)
1

whereby ¢(7) is any scalar potential 2. The vector potentials given by Eq. (207)
represent a general class of solutions of Eq. (138). By taking into account Eq. (141)
the most general type of these solutions is given by

1 .
Ay = o) 1]+ c%ln<¢(r)> (208)

whereby ¢(?) is any scalar potential and ¢ and ¢ are constants. Their associated
level 1T electric and magnetic fields are given by Eqs. (143) and (145), namely

— — —
Es(r) = Ey

(7)== vo(7) (209)

1 1
20 Also related vector potentials like Z(?) = gzb(?) ( 0 ) or Z(?) = qﬁ(?) ( 1 ) are solutions

of Eq. (138)
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dy 0z

Ba(¥) = By () =V x A(F) = | 92— 92 (210)
06 _ 99
ox dy

2.4.6 Another class of more general solutions

Another solutions of Eq. (138) or (139) are the following. By inserting the ansatz

b(y) c(2)
A(T) = 4| a(@)e(2) (211)
a(z) b(y)
into Eq. (139) we obtain
db de . O¢ D¢
dy dz b(y) ay c(z) 7 (212)
de da o0& 0¢&
1 ds c(z) 5.~ a(x) 7 (213)
da db ¢ D¢
O~ g b 5 1

whereby Ay is a constant and a(z), b(y) and c(z) are any functions which depend
only on z, y and z, repectively. These equations are satisfied if

—

§(r) =In(a(z) b(y) c(2) ) (215)
Because of Eq. (140) this implies
ofa) o) () = 2 210
and thus the scalar potential gb(?) is given by
o(7) = doa(x) bly) (=) (217)

whereby ¢q is a constant. The vector potentials and scalar potentials which are given
by Eqgs. (211) and (217) represent a general class of solutions of Eq. (138). By taking
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into account Eq. (141) the most general type of these solutions is given by

1 da
b(y) ¢(2) a(z) dw

Z(?) = Ag| a(x)c(z) + K, ﬁ g—z (218)
a(x) b(y) 1 de
c(z) dz

o(1) = do alx) b(y) e(2) (219)

whereby Ay, Ky and ¢q are constants and a(z), b(y) and ¢(z) are any functions which
depend only on x, y and z, repectively. Their associated level II electric and
magnetic fields are given by Eqs. (143) and (145), namely

29 py)ef2)
- - - db
Eo () = By (F) = = V() =~ o | al2) J2c(2) (220)
al) b(y) 4
alw) Gy — ale) G5
Y BT o AT dc da
a(r) =By (1) =V x A(r) = Ao | bly) 7, —by) 75 (221)
o) g5 — )

2.4.7 The meaning of the vacuum solutions

The solutions presented in the previous sections 2.4.1 — 2.4.6 represent possible level
IT vacuum potentials and fields. We recall that according to Eqgs. (142) — (149) the
levell II vacuum potentials and fields sum up to zero %! at every location so that level
I potentials and fields do not appear. The solutions presented in the sections 2.4.1 —
2.4.6 represent an infinite number of different electromagnetic vacuum potentials and
fields. Within the framework of electro- and magnetostatics there are no obvious
(boundary) conditions which specify a concrete type. Therefore the solutions
presented in the sections 2.4.1 — 2.4.6 mean that electromagnetic vacuum potentials
and fields are possible or exist, even if their concrete form remains an open question.
Concerning this issue the following should be noted:

21 The feature that the level I potentials and fields emerge from a difference of two level II potentials
or fields, see e.g. Eqgs. (93), (94), (107), (108) and (146) — (149), can also be described as a sum of

two quantities, for example B(?) = d)(?) — g(?) = (b(?) + (- 9(7?)) )
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e The consideration of electromagnetic vacuum states within the framework of
electro- and magnetostatics represents a rough approach and electrodynamics is
certainly more appropriate to address this issue.

e The actual vacuum states are not only determined by electromagnetic
potentials and fields but also by other contributions such as gravitational
potentials and fields, and their mutual interaction.

e Even if the vacuum constitutes the overwhelming part of the universe, matter
like electrically charged particles is also present. Therefore it seems likely that
the actual vacuum potentials and fields are influenced by the presence of
matter.

2.4.8 Hypothetical vacuum charge and current densities

According to Eqgs. (142) — (149) the level II vacuum potentials and fields sum up to
zero #* at every location so that level I potentials and fields do not appear 23
Possibly, the presence of level II vacuum potentials and fields implies the existence of
level IT or vacuum charge and current densities, similar to the level I potentials and
fields 3, 71 , E and E which are generated by the (level I) charge density p and
current densitiy j The Eqgs. (142) — (149) suggest for the hypothetical vacuum

charge den81t1es ps and p, , and hypothetical vacuum current densities, J A and J v,
the relations 2

po(T) = —py(T) (222)
Jv (7)== Ja(7) (223)

—

so that the total (level I) charge density p(?) and current density J (7) vanishes:

v ) =0 (224)

(1) = po(

- =

J(F) = Ja(F) + Jy(F) =0 (225)
It appears presently not clear how to compute the hypothetical vacuum charge and

%
current density, pe (7 ) and .J A( ) , from the vacuum potentials qﬁ(?) and A(?) One
possibility is to assume that the relation between the hypothetical vacuum charge

22 The feature that the level I potentials and fields emerge from a difference of two level II potentials
or fields, see e.g. Egs. (93), (94), (107), (108) and (146) — (149), can also be described as a sum of

two quantities, for example 6(7) = ¢(7) — g(?) = qb(?) + (- 9(77)) .

23 The presence of (electrically charged) matter, i.e. charge density p # 0 and/or current density

77& 0, breaks this symmetry and level I potentials and fields emerge.

24 The feature that the level I potentials and fields emerge from a difference of two level II potentials
or fields, see e.g. Eqgs. (93), (94), (107), (108) and (146) — (149), can also be described as a sum of

two quantities, for example B(?) = q&(?) — g(?) = (b(?) + (- g(%)) )
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and current density and the vacuum potentials is of the type given by Egs. (89) and
(106). However, the decoupled linear seconder-order differential equations (89) and
(106) describe the behavior of level I quantities, whereas the vacuum potentials are
level IT quantities which are specified by the coupled non-linear first-order differential
equations (135) — (137) or (139) — (140). Thus the relationship between the vacuum
potentials and the hypothetical vacuum charge and current density remains an open
question.

Furthermore, the consideration of electromagnetic vacuum states within the
framework of electro- and magnetostatics represents a rough approach and
electrodynamics is certainly more appropriate to address this issue.

2.5 The equations for the level II potentials in the absence
of level I magnetic fields

) which solve
) =0, and thus no

In the following section we present level II potentials (b(?
Egs. (122) — (124) when there is no current density, i.e.
level I magnetic field, i.e. B (7) = 0.

In Egs. (122) — (124) we choose for the sake of simplicity %w = 0. Then for
B=0 Egs. (122) and (123) result in

%
o [E+ve x A (226)
0
_)
— —
£ +¢ A=V x4 (227)
Inserting Eq. (227) into Eq. (226) yields
— — —
v [vxd|=o0 (228)
which is valid for any A (7) Thus, if there is a scalar potential gzﬁ(?) and a vector
—
potential A(?) which solves Eq. (227), then also Eq. (226) is fulfilled.

2.5.1 Presentation of a solution for any charge density

Now let’s try to find a solution of Eq. (227) by the assumption or ansatz that the
first term on the left-hand side of Eq. (227) can be represented as a gradient of a

scalar field 5(7), ie

— —
E+Vo

¢
In this case Eq. (227) is of the same type as Eq. (139). Solutions of Eq. (139) are

—ver) (229)
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presented in sections 2.4.1 — 2.4.6. For example, from section 2.4.5 we know that

1
AP =) 1 (230)
1
is a solution of
— — — —
(vg)xA:va (231)
when
£(7) = m(n(?)) (232)
whereby m(?) is any scalar function. Inserting Eq. (232) into Eq. (229) leads to
— — —
E+V¢ = ¢Vink (233)
We recall that E = — %ﬁ is considered as a known function which is given by the

charge density p , see Eqs. (94) and (93). By inserting Z? =— 65 into Eq. (233)
we obtain
— — —
~VB+V¢ = ¢ Vink (234)

Now we try to find a level II scalar potential ¢ that solves Eq. (234) which comprises
the three following equations:

8¢ 0 0P
ar %aa T s (25)
8¢ 0 03

—b—=1 = = 2
3y d)ay nk = 5 (236)
0 0 9P
a: Ca T g (237)

¢ is specified by three equations. This means that ¢ is over-determined and therefore
it could be that no solution exists. However, in the case of Eqgs. (235) — (237) we
will now show that there are solutions ¢ when « is chosen appropriately,

The solution ¢ of the separate Eqs. (235), (236) and (237) are known, see Eqs. (168)
and (170) in footnote 19 on page 34, namely

6 = exp {_/(_a&) dm} {¢0 5 p{/<_ai1) dm} da;} (239)
el (ol o (o]}
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¢ = exp [—/(—%hm) dz] {¢0 +/% exp[/(—%lm) dz] dz} (240)

whereby ¢ is a constant. These three equations result in

¢:/f<¢0 —l—/%%dw) (241)
10
¢=n<¢o +/Ea_§dy> (242)
d)—m(% +/%g—fdz) (243)
If we choose
o) = 21 (244)
5o
whereby [y is a constant, then Eqs. (241) — (243) become
_ % 9 (BN ge= & 4
o= [gm(g)e=goron(Z) 2
_% 9 (BN gy = P 14
o= o0 [gm(5)w=-Fo+om(3) 210
_ 90 ( B go = P 4
¢_506+B/321n(50) o 505+61n(50> (247)
They represent a solution for ¢ because the three different expressions lead finally to
the same result, namely
% (B
o= |5 +n(3))° 2

By inserting Eq. (248) into Eq. (93) and by means of Egs. (95) and (96) we get the
— —
level IT quantities g , £y and F, , namely

P K B
e
(I
feto-- [ en(2)] ¢ -
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Now let’s compute the level IT magnetic quantities which result from the level I1
%

vector potential A which is given by Eq. (230). Inserting Eq. (244) into Eq. (230)

yields

1
i-2(1 (252)
50 1

By taking into account Eqs. (227) — (232), (244) and (138) — (141) the expression of

the level II vector potential Z which solves Egs. (227) and (229) can be extended to

1
- ﬁ N ﬁ
A = 5 1 + aOVhl(BO) (253)

whereby ag is a constant.

The level IT magnetic fields f} A and Ev can be calculated by our assumption f? =0
and Egs. (108) — (110) and (253), namely

98 _ 98

oy 0z

— — — — 1 85 aﬁ
= = = | =£_== 254
Ba=By =V XA %l 9: 92 (254)

96 _ 98

dxr 0dy

We summarize the results of this section:
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We have considered a charge density p(?) # 0 in the absence of a current density

- =

J(7) , ie. J () =0. According to Eqs. (93) — (96) and (107) — (110) the
ﬁ

resulting level I quantities, namely the scalar potential 3(7) , vector potential A (1)

— —
r r

, electric field E(?) and magnetic field B (?) are
SN pR)
B(r)=¢(r)—g(r) = — 5 d°R (255)
47T60///| r—R|
E(F) = Bo(F) = By (F) = = V[o(F) - ()| == VB(E)  (256)
APV =A(D) V(D=0 (257)
B = Ba(®) — Bu () = ¥ x [AD) - V()] = ¥ x A =0 (259

— —
T r

For Eq. (227), which determines the level II potentials ¢(7) and 71( ), a solution
was found by means of an ansatz or assumption which is given by Eq. (229). The

corresponding level II quantities, namely the scalar potential qﬁ(?) , electric field
E¢ (?) , vector potential Z(?) and magnetic field ]_—3>A (?) , are
e B(r) "
o(r) = ﬁ0+1n< 5 ) B(r) (259)
§¢(?)=—5¢(7)=— @+1+ln Blr) 65(?) (260)
Bo Bo
— 1 —
A(7) = CICON ayV1n <M> (261)
BO 1 60
98(r) _ 9p(r)
dy 0z
Ba(7) = By () =V x A(¥) = % o) _ 280) (262)
08(r) _ 9p(r)
ox dy

whereby ¢q , By and ay are constants.

The results indicate that an electric charge density or an electric charge is
accompanied by non-vanishing level IT magnetic quantities like the vector potential

- —
r r

N
r

A(7) and magnetic field B 4(7) , even if a current density j( ) and a level I

—
r

— - =
magnetic field B(r) are absent, i.e. J(7)
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B(r) =0. We note that the level II




potentials which are described by Egs. (259) and (261), and their associated level 11
fields, represent just one of many possible solutions of Eq. (227). It seems that the
ECE electro- and magnetostatics does not provide constraints which favors one
specific solution for the level II quantities.

2.5.2 A further type of level II potentials which might appear as another
solution and why they do not represent a genuine solution

coming soon ...

2.6 Summary

By the introduction of two further quantities, namely the scalar potential g(?) and

vector potential 17(?), the original electro- and magnetostatic ECE equations (77) —
(82) were transformed into a set of equations which allow a direct comparison with
the equations of textbook electro- and magnetostatics. The transformed ECE
equations reveal that ECE electro- and magnetostatics represents an extension of
textbook electro- and magnetostatics.

They are compatible with each other in the sense that textbook electro- and
magnetostatics represents a special case of ECE electro- and magnetostatics.

On the level of the quantities

scalar potential ﬁ(?) = gb(?) — g(?) (263)
. - — — - = - =
electric field E(7)=—VpB(r)=Es(r) — Ey(7) (264)
- = - = - =
vector potential A(7)= A(r) — V(r) (265)
magnetic field B(7) =V x A(7) = Ba(7) — By () (266)

textbook and ECE electro- and magnetostatics are equivalent. This means that the
= —
scalar potential (7), electric field F (?), vector potential A (?) and magnetic field

ﬁ
B (?) is identical with the scalar potential, electric field, vector potential and

magnetic field of textbook electro- and magnetostatics, respectively. In ECE electro-
and magnetostatics these so-called level I potentials and fields appear as difference
between two so-called level II quantitites which both depend on 7 whereas in
textbook electro- and magnetostatics they result from always one spatlally
dependent functlon Wthh corresponds to the case Vg =0 and V X V =0, i.e.

g(r ) = go and V= Va( ) whereby ¢q is a constant and a( ) any scalar field.
The transformed ECE equations decompose into two sets of equations and
quantities. The first set corresponds to the equations of textbook electro- and

magnetostatics which determine the level I potentials and fields. The second set of
equations specify the level II potentials and fields.
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The level I potentials 3 (?) and A (7) are determined by the four well-known linear
decoupled second-order differential equations of textbook electro- and
magnetostatics, namely

Apg=-L (267)
€0
AN=—po J (268)

ﬁ
whereby p(?) is the charge density and .J (7) the current density. For spatially
limited charge and current densities their solution is well-known, namely 2> 2

):4;60 ///%d?’]% (269)
X(?):Z(?)-ﬁ(?):f—;///% d3R (270)

The level 1T potentials gzﬁ(?) and 2(?) are determined by the following four
non-linear coupled first-order differential equations

— —
r T

=

=

(r) =o(r) —g(

v . wxz -0 (271)
)
E+V¢
——; XA+ VxA=RB (272)
whereby the fields

e L p(R)(F —R) s

E(7) = Eo(7) ~ E, () = - VA(T) = - U g om)
€ ’T _R’?’

&ﬁ:ﬁﬂm—ﬁwﬁ:§xXﬁpJﬂ[UV“3“%_mdm (274)

25 The most general solution of Eq. (267) is given by

m%4jm[0};?%ﬁ%a+mm@>

whereby ,Bhom(7) is a solution of the Laplace equation ABpom = 0

26 The most general solution of Eq. (268) is given by
- =
. J(R -
A7) = %///7%( )R 4 Ko (7)
|7 — R
- —
7

N
whereby the components of Apom (7) are solutions of the Laplace equations A Apom = 0
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are considered as given functions because they depend exclusively on the charge
— —
r r

density p(7) or current density j( ).
A solution of Egs. (271) and (272) for the most general case is presently not known.

However, solutions are presented for the two special cases E (?) =0 as well as
— —
B(?) = E(?) = 0, see section 2.5.1, especially Eqgs. (255) — (262), and section 2.4.
The latter case and its solutions represent possible level II vacuum potentials and
fields in the absence of level I fields.
The scalar potential gb(?) and vector potential Z (?) in the original equations (77) —
(82) and transformed equations (271) and (272) is not identical with the scalar

. e e .
potential 5(7) and vector potential A (7) of textbook electro- and magnetostatics,

. - - = .-
respectively. ¢(7) and A(7) are rather part of another set of quantities, namely the
level II potentials and fields
— — - = - = - = — -
r r r T r r

>7E¢( )7E9( ),A(T)7V( )7BA(

N
r

3(7) , g ), Bv(7)

which describe a possible physical reality beyond that of textbook electro- and
magnetostatics.

The level I potentials (?) and A (?) are determined by the decoupled linear
differential equations (267) and (268), whereas the level I potentials ¢(7') and Z(?)
are specified by the coupled non-linear differential equations (271) and (272). Thus
for the level I potentials and fields there is no coupling between electric and magnetic
quantities and features, whereas for the level II potentials and fields there is a
coupling between electric and magnetic quantities and features. We raise the
question if the level II potentials and fields, or their effects, are physically detectable
(with present technology) and if they carry the same physcial qualities like the level I

potentials and fields.

3 The latest set of the electro- and magnetostatic
ECE equations

3.1 The set of equations in its original form

Recent ECE papers report on the discovery of additional equations, the so-called
antisymmetry constraints [6, 23, 24]. These additional equations lead to a
modification of the electrodynamic as well as electro- and magnetostatic ECE
equations [6, 23, 24].

The latest set of the electro- and magnetostatic ECE equations, see e.g. Ref. [22], is
given by the former equations (77) — (82) and the so-called antisymmetry
constraints, namely 27

2T Eqgs. (275) — (284) refer to the assumption that the so-called polarization index can be omitted,
i.e. one polarization only, see e.g. Ref. [22].
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Field equations in terms of potentials:
6-(7”71) =0 (275)
€x(5¢—w02) ~ 0 (276)
Ap — V- <Z¢ - wOZ) — (277)
€0
§x<€xz—5xz>:uoj (278)
Antisymmetry constraints:
— — —
Vo =w ¢ + wo A (279)
0A 0A
a—; + a—; + woAs +w3As =0 (280)
0A 0A
6_903 + 8_2’1 +wiAs+wsA; =0 (281)
0A 0A
a—; + @_yl +wiAs +wa Ay =0 (282)
Al w1
- —
whereby A =| A, and w =1 ws
A3 Ws
Field-potential relations:
— — — N —
B=VXA—wxA (283)
— — N —
E=-V¢+wd —wA (284)

The electric field E can also be represented in another way. By inserting Eq. (279)
into Eq. (284) we get

— —
E=—2wA (285)

Another expression for the electric field E can be obtained by solving Eq. (279) for
—
wp A and inserting it into Eq. (284). This leads to

E=-2V6 +26¢ (286)

Eqgs. (275) — (284) merge into the equations of textbook electro- and magnetostatics
if the antisymmetry constraints (279) — (282) are omitted and

20



i fj’¢:z_4>wo

— —
which implies @ x A = 0 because in this case @ and A are (anti)parallel to
each other — this condition is reported in Ref [13] for the electrodynamic
equations and works also for the electro- and magnetostatic case

or

oc?zanndwo:O

Egs. (275) — (282) represent 14 equations to determine the 8 quantities ¢ , 1_4> , W

and W , i.e. there are more equations than variables. In the following we will consider
and investigate these equations in more detail.

3.2 Results and discussion of the transformed equations

Eqgs. (280) — (282) mean that the vector spin connection W is entirely specified by

the vector potential Z They can be solved for W = Z; and by somewhat
algebra we obtain .
B
B Y I
B Y I

In Egs. (275), (278), and (283) appears the vector product W X Z . By means of
Egs. (287) — (289) we can express the vector product

wy Az — w3 Ay
— —
wXxX A= w3 Al — W1 Ag (290)

w1 A2 — W9 Al
%
in terms of A=| A, and get
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As 0A3 n A 0A;  A30A; A3 04
A1 8x Al 0z Al Jdx Al ay

As0Ay  As0A, A 0A; A 0A,
23041 A1043  ~10% 201
A or A0y A, 0y A, 0- (291)

€l
X

|
I

Ay 043 LA A104y Ay 0A; Ay 0A
Ag 83/ Ag 32 Ag 83:' Ag 82

By inserting Eq. (283) into Eq. (278) we obtain

— — —
VXB=pu J (292)

— —
which is the same relation between magnetic field B and current density J as in

l
textbook magneto- and electrostatics. From Eq. (275) we infer that W X A can be
written as

o = — —
WX A=V XV (293)

— —

whereby V =V (?) is another vector potential which depends in some way on the
— —

vector potential A = A(7) 2

— —
We introduce another vector potential A = A(?) by

A=A-V (294)

From Eqs. (283), (293), and (294) it follows that the magnetic field B can be
represented as

- - — — - = o —
B =VXA=V (A—V)=V><A—va
(295)
— -
= VXA—wXxA

— — —

With respect to the magnetic field B, current density .J and vector potential A, the

Egs. (292) and (295) are the same as those in textbook magneto- and electrostatics.
_>

Thus A coresponds to the vector potential used in textbook magneto- and
electrostatics. By inserting Eq. (295) into Eq. (292) and by means of Eq. (83) we get

— —

— — — — — —
VX(VXA) =V(V-A) —AAN=poJ (296)

28 Actually, from Egs. (291), (293), (51) and (52) it is possible to determine how V( ) depends
— —
on A(r ) Equation (291) tells us how w( ) X A(?) depends on A( ) . Let’s call the right-hand
side of Eq. (291) as G( (r )) Then from Egs. (291) and (293) we obtain

— —

— - — [ —
VXxV(r)=ag (A(r)) . By using this relation it follows from Eqgs. (51) and (52) that V (r) is
1
given by ﬁ(?) =— 7 x {/ 5(2(57)) sds}
0
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By using the so-called Coulomb gauge #, i.e. V-A=0 , Eq. (296) becomes

— —
AAN=—puyJ (297)
- - —
For a spatially limited current density J(7), i.e. J(7) — 0 for r — oo, the vector
- = —
potential A = A — ¥ which solves Eq. (297) is well-known, namely 3°

A = AG) V() = f—;///ﬁj(_—?%ﬂd?’}z (298)

By inserting Eq. (298) into Eq. (295) the magnetic field § results in

— — — - =
B(¥) = Ba(¥) = Bv(¥) = V x |[A(F) = V()] = V x A(¥)
5 5 299
_ /// J(R) X (P =R) s 29
= —
| " =R
— —
whereby we have introduced the magnetic fields B4 and By by
— — —
Ba=V XA (300)
— — - —
By=VXV=wxA (301)

According to the integral term in Eq. (298) and (299) the vector potential A (?) and

_>
magnetic magnetic field B (?) is identical with the vector potential and magnetic
field of textbook magneto- and electrostatics, respectively. Thus, on the level of the

e vector potential X(?) = Z(?) — ‘7(?) and

— — —
The quantity B =V X A and the equatlon V X V X A = J remains invariant under

-
r

29

A+ Vn whereby 7 is any scalar field. By using Eq.

a so-called gauge transformation =
— — —
J as

—
A —
- =
(83) we can write V X V X (A +V )
— /= — — — — —
\Y (V (A + Vn)) - A (A + Vn) = J Assuming that V (A + V?]) = 0 , which is always
possible by using an approprlate function 7 , then we get

( A+ Vn) A F =— J . For a spatially limited current density J ,

ie. J (7“) — 0 for r — oo , the well-known solution I‘ of this Poisson equation is given by
—

—

N
1
F(?):M///F{(% d3R . The choice or gauge V-(/_{—i—%n) = %F = 0 is usually
r —

called Coulomb gauge.

30 The most general solutlon of Eq. (297) is given by

r = ///r_ 3R+Aham(_>)

—> —
whereby the components of Apom (?) are solutions of the Laplace equations A Apom = 0
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— - =
r r

- —
e magnetic field B(r) = Ba(7) — By (

)

textbook and ECE magneto- and electrostatics are equivalent. However, in ECE

Theory

o

e the vector potential A (?) emerges from a difference between two vector
potentials whose curl do not vanish

e the magnetic field E (?) emerges from a difference between two magnetic fields
4>
which both depend on r

whereas in textbook magneto- and electrostatics they result always from one

spatially dependent function.

The so-called level II quantities, namely the vector potentials Z (?) and X?(?) and
N N

magnetic fields B4 (7) and By (7) , point to the existence of a possible physical

reality beyond that of textbook magneto- and electrostatics. We raise the questions

if these level II potentials and fields are physically measurable and if they cause the

same physcial effects like the level I quantities A (?) and B (?) Possibly, the level 11

potentials and fields, or their effects, are physically not detectable (with present

technology) or their experimental verification requires special circumstances.

We emphasize that ECE and textbook magneto- and electrostatics usually use the

ﬁ
same symbol A for the vector potential. However, according to the just mentioned
considerations, which are based on a view suggested by Egs. (298) and (299), they
ﬁ.

do not represent the same quantity and have to be distinguished. In this paper A
represents the vector potential which appears in the original magneto- and

%
electrostatic ECE equations (279) — (284) and A corresponds to the vector potential
of textbook magneto- and electrostatics.

According to Eqgs. (294), (295), (299) — (301) the case of

) (302)

vV xV(F)=0 (303)

A(F) = A(F) = va(7) (304)

By (7)=0 (305)

B(F) =Ba(F) =V x A(F) =V x A(7) (306)

and corresponds to the scenario of textbook magneto- and electrostatics.
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Now let’s consider the equations which are associated with the electric field ZC and
the scalar potential ¢. By taking the curl of Eq. (279) we get

— — —
VX (Weo +wpd) =0 (307)
By comparing Eq. (307) with Eq. (276) we infer that

VX (@¢)=0 (308)
— —
V X (wpA) =0 (309)
and thus
Sé=Vy (310)
— 1 -
woA = 3 Vﬁ (311)

whereby g = g(?) and 3 = ﬁ(?) are scalar fields. The factor % in Eq. (311)
represents just a convenience which appears useful for the later resulting expression

of 3.

Egs. (308) and (309) might involve some difficulties. Because the vector potential Z

and the vector spin connenction w are specified by Egs. (331) — (333) and (287) —
(289), respectively, Egs. (308) and (309) indicate that the two remaining variables ¢

and wy are determined by them. However, for a given w and 71 the Eq. (308) and
(309) represent three equations to determine the scalar potential ¢ and the scalar
spin connection wy , respectively. Therefore it seems not clear if there is always a
scalar field ¢ and wg which satisfies Eq. (308) and (309), respectively. Moreover,
assuming that ¢ can be determined from Eq. (308), then it appears implausible that
Eq. (277), which also comprises the scalar potential ¢, is not involved in its
determination. We can circumvent these possible difficulties in the following way. By
inserting Eq. (311) into Eq. (279) we get

Vo=U6 45V (312)

By taking the divergence on both sides of Eq. (312) and using 6 . 6 = A we obtain

- — 1
V- (wo)= A= SAp (313)
Inserting Eqs. (313) and (311) into Eq. (277) leads to
12 _P
86~ (86~ 3A8) +5 V- (V) =2 (314)
- =
and by means of V - V = A this results in
Ag=-L (315)
€o
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The insertion of Eq. (310) into Eq. (312) reveals that 6(?) represents a scalar

potential which emerges from the difference of the scalar potentials gb(?) and g(?),
ie.

VB=V (¢ 9) (316)
and thus

) (317)

whereby ¢q is a constant. For the sake of simplicity we choose ¢g = 0 and thus

8(F) =2 [o(7) = o(7)] (318)

For a spatially limited charge density p(?), ie. p(?) — 0 for r — oo, the solution
B(7) of Eq. (315) is well-known and by taking into account Eq. (318) we obtain 3!

N e o(R)
F) =2[o(¥) - (7] _47reo///|?_ﬁ|d3R (319)
By inserting Eq. (319) into Eq. (311) we get

1 - (7 - R)
WA= LTE=V (6—9) [U" “RR) sy ()
2 247r60 |7“—R|3

The electric field E = E(?) results from an insertion of Eq. (320) into Eq. (285),
namely

Bl

E(r)==2uw(r) A(r) = Es(7) = By (1) = = VB()

= (321)

= 1 r — R)p(R

— =29 (o) - o) = o= [[[ A g
T €Q ‘ r—R |3
whereby we have introduced the electric fields E¢ and Eg by
— —

Ey=—-2V¢ (322)
E,=-2Vyg (323)

L The most general solutlon of Eq. (315) is given by

B(r) = 47reo///|r_§|dR+6hom( )

whereby Bhom (7 ) is a solution of the Laplace equation ABpom = 0
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According to the intergral term in Eq. (319) and (321) the scalar potential 6(?) and
—
electric field F (?) is identical with the scalar potential and electric field of textbook
electro- and magnetostatics, respectively. Thus, on the level of the scalar potential
—

ﬁ(?) and electric field F (7) textbook and ECE electro- and magnetostatics are

. . . . —
equivalent. However, in ECE electro- and magnetostatics the scalar potential ()

—

and electric field F (?) emerge from a difference between two quantities which both
depend on ?, whereas in textbook electro- and magnetostatics they result from
always one spatially dependent function.

The so-called level II quantities, namely the scalar potentials ¢(7) and g(?) and the
electric fields Z% (7) and }_)?g (?) , point to the existence of a possible physical reality
beyond that of textbook magneto- and electrostatics. We raise the questions if these
level IT potentials and fields are physically measurable and if they cause the same
physcial effects like the level I quantities g (7) and E(?) Possibly, the level 11
potentials and fields, or their effects, are physically not detectable (with present

technology) or their experimental verification requires special circumstances.

We emphasize that ECE and textbook electro- and magnetostatics usually use the
same symbol ¢ for the scalar potential. However, according to the just mentioned
considerations, which are based on a view suggested by Egs. (319) and (321), they
do not represent the same quantity and have to be distinguished. In this paper ¢
represents the scalar potential which appears in the original electro- and
magnetostatic ECE equations (279) — (284) and 3 corresponds to the scalar
potential of textbook electro- and magnetostatics.

According to Egs. (319) and (321) — (323) the case of

9(r) = go (324)
, whereby gp is a constant, implies
B(F) =2¢(7) — 240 (325)
B, (7)) =0 (326)
E(r) =~ VB(F) = -2 V() (327)

and corresponds to the scenario of textbook magneto- and electrostatics.

3.3 The equations for the level 11 potentials

Egs. (299) and (291) can be used to establish a set of non-linear, first-order

differential equations for the vector potential Z By inserting Eq. (291) into Eq.
(283) we get

B 0A; 04, 0As 04 0Ay 04
AlBl_Al(@y 82) A2<3x+8z>+A3(8x+8y) (328)
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s, (P OAY (0 DAY 04y 04
0x oy 0z

0z Ou dy
L [(04Ay 04, 043 0A 0A;  0A

By adding Egs. (329) and (330), Egs. (328) and (329), and Eqgs. (328) and (330),
respectively, we obtain

0A dA
2,42(,),—’21 - 2A3a_yl — AyBy — A3B; = 0 (331)
dA dA
2A18_y3 - 21426—; - AlBl - AQBQ - O (332)
A A
on, 242 00,9 pp A, — 0 (333)
0w 0z

Furthermore, the vector potential
L Ay(7)
A = | 40
As(r)

which solves Eqgs. (331) — (333) must additionally satisfy Eq. (275) which is via
Eq. (291) given by

§o(xd) = (0, A0k Aok Aok
9z \ A Ox A 0z A Ox Ap Jy
L0 (404 A0A A0, 404 3
0y \As 0x Ay 0y Ay dy Ay 0z
L0 (A0 MOA A0A AOAY
0z \A3 0y A3 0z A3 0x A3 0z )

In Egs. (331) — (333) the level I magnetic field

oo Bl(?) - = -3
B(r) = ?g; = f_;///J(f)?i(ﬁ|3R) d°R (335)

(see Eq. (299) ) is considered as a given function because it depends exclusively on
—
the current density J (7) . Egs. (331) — (334) are four equations for the three

— — — A G
components A;(7) , Ay(r) and As(r) of the level II vector potential A (7). Thus
%

A (7) is possibly over-determined and we raise the question if always a solution

exits. Further studies are necessary to clarify this issue.
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We note that the Eqgs. (331) — (334), which specify the level II vector potential
Z (?) , are four first-order non-linear coupled differential equations, whereas Eq.
(297), which determines the level I vector potential X (?), represents three
second-order linear decoupled differential equations.

Once the level II vector potential

(r)
As(r)

is determined from Eqs. (331) — (334), the associated level II quantities V' (
— —
Ba (?) and By (?) can be computed from Eqs. (298), (300) and (301).

%
Aq(7)
—
T
4)
T

)

In the following we present several forms of equations which specify the level II scalar
_)
r

potential ¢(7) .

—
T

The scalar potential ¢(7) can be determined by Eq. (286), namely

OV 4200 =F (336)
whereby

1

e the vector spin connection w (?) is via FEqgs. (287) — (289) entirely specified
%
by the vector potential A (?) which is in turn determined by Egs. (331) —

(334)

o the electric field £ (?), which is given by Eq. (321), is considered as a given
function because it depends exclusively on the charge density p(?)
Eq. (336) comprises three equations for the specification of qﬁ(?) Thus ng(?) is
possibly over-determined and we raise the question if always a solution exits. How-
ever, by taking into account Egs. (310) and (321) we realize that each of the three
terms of Eq. (336) is a gradient of a scalar function. This feature probably favors
the existence of solutions. Nevertheless, it remains an open question if w (?) which
—

is specified by A (7) via Eqs. (287) — (289) and (331) — (334) always ensures the
existence of a solution of Eq. (336).

There are another forms of equations for qﬁ(?) By means of

wi (1)
): w2(

W3(

(337)

~—

=) 3] o3

~—

El(
) = E2(
Es(

)
) (338)

)

<1 <1"=1
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Eq. (336) can be written as

0

—2—ai + 2¢w1 = E1 (339)
0
0

These are first-order differential equations of the type

d¢
dl‘i

+ Ui<x>yv Z) ¢<$,y, Z) = 'Ui(l',y,Z) (342)

whereby

TI=T To=1Y Tyg=2 1=1,2,3

wi(z,y,2) = —wi(x,y, 2) (343)

Ei(w7 Y, Z)

; (344)

vi(z,y,2) = —

The solution of Eq. (339) is well-known, namely

¢($7 y? Z) =

exp <—/ui(x,y,z) dxz) [gbm- +/Ui<l’,y,z) eXp(/Ui(x,y,z) d:c,») dx,;] (345)

whereby ¢g; are constants. By inserting Eqs. (343), (344) and (321) and into Eq.
(345) we get
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o) = exp [eat) s,

b0 +% / ag(j) exp <— / wi(7) de) dxi] (346)

whereby
T1 =T To=1Y T3=2 1=1,2,3
and the three components wz(?) are specified by the vector potential
LA
—
A ( r ) = A2 ( T )
%
As(7)

via Egs. (287) — (289). The vector potential 71 (7) is in turn specified by Egs.
(331) — (334). The level I scalar potential ﬁ(?) , which is given by Eq. (319), is
considered as a given function because it depends exclusively on the charge density
p(?) . Because of i = 1,2,3 the Eq. (346) comprises three different expressions. It
. : . — :
represents a solution only if all of them lead to the same function ¢(7) . It remains

an open question if this condition can always be accomplished for those w (?) which
H
are specified by A(?) via Eqs. (287) — (289) and (331) — (334).

Eq. (346) represents a solution if

r) = 4 lnﬁ(r)

wi(r) = o1 5o (347)

and
o1 = Qo2 = Po3 = P (348)

whereby ¢y and [, are constants. Inserting Eqgs. (347) and (348) into Eq. (346)
yields the same expression for i = 1,2,3 , namely

LB Bo, B(F)
o(r) = By P + Eln W] (349)

N

In this case (;5(?) does not depend on w (?) and 2(7) which are determined by Egs.
(287) — (289) and (331) — (334).

Presently we do not know if Eq. (347) is the only way which leads to a solution. By
taking into account Eqgs. (287) — (289) we see that Eq. (347) involves another

. R e
contraints for the vector potential A(7) , namely

i In ﬁ =
al’ ﬂo N
(350)
1 0As 04, 0As 0A; 04, 0A;
2y A, (Ala—y Ty Ty A A Ay )
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— In— =
dy Bo
(351)
1 04As . 0Ay,  0Ay . 0A, 04y . OA
24, A ( Mgy~ Ty e — A s ay>
i lnﬁ =
oz B
(352)
1 04s . 0Ay,  0Ay . 0A, 04y . 0A
24, A, (_Alé?_y —AigT Ty TG T A )

whereby (?) , which is given by Eq. (319), is considered as a given function because
it depends exclusively on the charge density p(—>) Egs. (350) — (352) and (331)
(334) represent altogether seven equatlons for the three components Al( ), As(r )
and As(7) of the vector potential A( ) . Thus A( ) appears over-determined and

we raise the question if (always) a solution exists. Further studies are necessary to
clarify this issue.

The potential difficulties which are associated with the determination of gb(?) can
possibly be c1rcumvented by the following approach which results in only one

equatlon for gzﬁ( ) . By taking the divergence of Eq. (336) and by using the relation
E = — Vﬂ from Eq. (321) we obtain

A7) = ¥ [3(7) o) = 5 AB(T) (353)
Inserting Eq. (315) into Eq. (353) yields
80() = 9 - [8 ()67 = 3 2 (354)

whereby the vector spin connection (?) is via Eqgs. (287) — (289) entirely specified
%
by the vector potential A (?) which is in turn determined by the current density

7(?) via Eqgs. (331) — (334). In contrast to Eq. (336), which involves three first-
order differential equations, the Eq. (354) represents one second-order differential
equation.

Once the level II scalar potential gb(?) is computed from Eq. (336), (346) or (354),

the associated level I quantities g(?) , E¢ (?) and Eg (?) can be computed from
Egs. (319), (322) and (323).

3.4 The equations for the level 1I potentials in the absence
of level I fields: The vacuum equations

Recently H. Eckardt and D. W. Lindstrom have published a paper about the
solutions of the latest set of electrodynamic ECE equations in the absence of level I
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electric and magnetic fields [25]. They point to the existence of non-vanishing
vacuum potentials [25].
In the following we will study the latest set of electro- and magnetostatic ECE

— —
equations in the absence of level I electric and magnetic fields, i.e. for B = F = 0.
Their solutions indicate the existence of non-vanishing level II vacuum potentials and
fields.

The absence of a charge density p and current density j, ie. p=0and 7 =0,
— —
implies £ = B =0 and Eqgs. (331) — (334) and (336) result in

04, DA,
Ay— — A3— =
vy Ay, =0 (355)
0A3 0A;
Al— —Ap— =0 356
Yoy “0x (356)
0Ay DA,
A3— —Aj— =
59 1 15 0 (357)
- — - - 0 Ag aAg Ag 8A1 Ag 3A2 Ag 8A1
Vo (9xd) = Gx(Alﬁa: 4,02 A oz Alay)
A3 0Ay  A30A; A1 0A; A 0A
+i A3 04, A 041 A104; A1 94y (358)
Oy \Ay dxr Ay dy Ay dy Ay 0z
L0 (A0A MOA A0k AOAY |
02\ A3 0y A3 0z A3 dx A3 0z )

Vo= ow (359)
whereby the vector spin connection w (?) is via Eqgs. (287) — (289) entirely specified
by the vector potential A(?) which is in turn determined by Eqgs. (355) — (357).
Eqgs. (355) — (359) specify the level II vacuum potentials gb(?) and A (?) in the
absence of level I fields.

We note that the coupled non-linear first-order differential equations (355) — (357)
can also be written in a shortened notation, namely

0A 0A

A; —A; =0 360
81‘]‘ ]8ZL‘Z' ( )
whereby

® 1 =X T2 =Y T3 =2

ei=123 j=123 k=123
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From Egs. (298) — (301), (319) and (321) — (323) we infer for p = 0 and
— —

j = E = B = 0 for the level II potentials and fields the following relations which are
associated with Eqgs. (355) — (359) and their solutions:

g(r) = ¢(7) (361)
Eo(7) = By (7) = = Vo(7) (362)
V(H) = A (363)
Ba(T) =By (7) =V x A(¥) (364)

B(r) =(r) —g(r) =0 (365)
E(F) = Ey(F) — Ey (1) = 0 (366)
AP =A(D) V(D=0 (367)
B(r) = Ba(7) — Bv(¥) =0 (368)

3.4.1 A class of general solutions

The type of solutions of Eqgs. (355) — (357) published in Ref. [25] indicate that a
general class of solution is given by

.
. Ay(r)
— - - . —
A(r) =1 As(r) | =F(k-7) k (369)
—
As(7)
whereby F' = F(s) is an arbitrary function of s :Z? and
ka1
%
E=| ko (370)
ks

a constant vector. Eq. (369) was used as starting point to search for other and/or
more general solutions. This resulted in the finding of two types of general solutions
of Egs. (355) — (357) which will be presented in this and the following section.

The first type of general solutions of Eqs. (355) — (357) is given by

Ay (z,y,2) = bi(z) F(bi(x) + ba(y) + bs(2)) (371)

Ag(z,y,2) = by(y) F(bi(z) + ba(y) + bs(2)) (372)
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As(x,y, 2) = b4(2) F(by(x) + by(y) + bs(2) ) (373)

or with respect to Eq. (360) in the shortened notation

Ai(ﬂfl, $2,$3> = b;(fﬂz) F(bl(x1> + b2($2) + b3<x3)) (374)

or in vector representation

whereby F(s) = F (s(?)) is any function of

s =5(7) = by(z) + ba(y) + bs(2) (376)

and by(z) , ba(y) and bs(z) are any functions which depend only on z, y and z,
respectively, and

by () = 1l7) (377)
biy) = 2 (379
by () = T (379)

By inserting Eqs. (371) — (373) into Eqgs. (287) — (289) we obtain the associated
vector spin connection 3, namely

, b ()
i _F(bi(=) + ba(y) + b3(2)) /

(r) F(bi(x) + ba(y) +b3(2) ) (Ziii ) o

L VE(s(h
5(7) = _# (381)

F s(r))

. Fls r
W(r)=-Vn (#) (382)

65



and by means of Eq. (375)

— = F,(S(?>) - =
w(r)=———<73 A(") (383)
()]
whereby Fj is a constant and
F'(s) = % (384)

Eqgs. (383), (382) and (375) imply that A and & are (anti)parallel to each other and
curl-free, i.e.

JxZ:%xZ:%xZ:O (385)
and thus Eq. (358) is also satisfied.

Now let’s consider the scalar potential ¢(?) . By inserting Eq. (382) into Eq. (359)
we get

— —
\V4 VF — ¢ — F
— = & Vih—=-VIh— 386
¢ F Po Fy (386)
whereby ¢¢ and Fj are constants and thus
F
o(s()) =~ (387)
F(s(¥))
The insertion of Eq. (387) into Eqgs. (375) reveals the following relation between the
vector potential A (?) and scalar potential qb(?)
/
71(?) 60 F %5(?) do Lo Z}Ezg
"Uo(s)) @) +hy) +ha(2) | 4
cb(s(r)) b4(2) (388)
- [ ds
= ¢ I —
Po Lo V/¢(S)
whereby the scalar potential
— . . —
o(s) = qﬁ(s(r)) is any function of s = s(7) = by(x) + ba(y) + b3(z) (389)

and by(z) , ba(y) and b3(z) are any functions which depend only on x, y and z,
respectively, and b (z) , b5(y) and b%(z) denote their derivative as defined by Egs.
(377) — (379).

Eq. (389) and (388) represent possible level II vacuum potentials in the absence of
level 11 fields. Please note the validity of Eqs. (361) — (368) in this case.
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The insertion of Eq. (386) or (387) into Egs. (380) — (383) reveals the following
relations between the vector spin connection w , scalar potential ¢ and vector

_>
potential A:

: b (x)
ooy = @ (bi(@) +a(y) +05(2)) [
S ) ne) | Y 0
5 ols r
w(r)=vin M (391)
Po
and by means of Eq. (388)
S(F) =o' (s()) A(F) (392)
whereby ¢y is a constant and
6'(5) =2 (39)

Egs. (392), (391) and (388) imply that A and & are (anti)parallel to each other and
curl-free, i.e.

ZxZ:%xZ:%xZ:O (394)

and thus Eq. (358) is also satisfied.

3.4.2 Another class of general solutions

Another type of general solutions of Eqs. (355) — (357) is given by

Ai(z,y, 2) = ci()ca(y)es(z) G(er(w)ea(y)es(2)) (395)
Ag(,y, 2) = cr(z)ey(y)es(2) Ger(z)ea(y)es(z) ) (396)
As(w,y,2) = cr(w)ca(y)es(2) Gler(w)ea(y)es(z) ) (397)

or with respect to Eq. (360) in the shortened notation

A, 19, w3) = ci(ai)cj(xy)er(zr) G(er(wr)eaaa)cs(es) ) (398)

or in vector representation
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L IR ch(@)ealy)es(2)
A(F) = G(o(1)) Vo(F) = Gla@eames:) | al@ehy)e(:)
c1(z)ea(y)es(z) (399)
= % G(v) dv

whereby G(v) = G(v(?)) is any function of

v=0(r) = ei(2)eay)es(z) (400)

and c;(x) , c2(y) and c3(z) are any functions which depend only on z, y and z,
respectively, and

_dey(x)

() = 1A (401)
ehly) = L2 (402
chy(z) = di;—? (403)

Eq. (399) and Egs. (395) — (398) represent possible level IT vacuum vector potentials
in the absence of level II fields. Please note the validity of Eqs. (361) — (368) in
this case.

By inserting Eqgs. (395) — (397) into Eq. (291) we find by somewhat algebra

WX A=0 (404)
and thus Eq. Z(?) and ,71(7
satisfied.

) are (anti)parallel to each other and Eq. (358) is also

By inserting Eqgs. (395) — (397) into Eqgs. (287) — (289) we obtain the associated

vector spin connection
— w1
w3

, namely
i) = = B 14 ety o) GLEEDBA] gang
? _ _Cl2<y) [ i CI calz G/(Cl(«T)C2<y)Cg(Z))_
we(r) = &) _1 + c1(x) ey(y) e3(2) Gler(@)ea(y)es()) | (407)
() = - <(>) 1+ e if?&f&?@f (408)




whereby

G/(U) _ T (409)
o) — - 9 1n(cl(xa)C;(y)Cg<Z)) '1 N %IH(G(cl(w)éi(ly)C:a(z))) (410)
) — 9 1n(cl(gggcy2(y)03(z)) :1 N %m(G(q(as)goiy)@(z))): (411)
() — D) 1n(cl(xg)9c;(y)c3(z)) '1 N %ID<G(01(I)CC:20§/)03(2))>_ (412)

whereby Go; , Goo and Gp3 are constants. This vector spin connection appears
mathematically more complicated than that of the type 1 solution which is given by
Egs. (380) — (383). Egs. (399) and (406) — (408) or (410) — (412) can be used to

: . - = — =
establish a relation between A(7) and w(r) .

In the previous section we have established for the type 1 solution a relation between
the vector potential /_4)(?) and the scalar potential gb(?), namely Eq. (388). One can
try to find a related connection between ,_4)(7) and gb(?) for the type 2 solution,
namely by inserting Eqs. (410) — (412) into Eq. (359) which results in

0 o Olnv | 0 G\ ]

T 2) = - 14+ 2 — A1

(9x n((bol) 8x L +8x n(G(n)_ ( 3)
0 ) ) Olnv [ 0 ( G )

Im(2) = = 1+ L= 414
dy n(¢02 oy L dy N Goz ] ( )
0 o Olnv | 0 G\ ]

il I L =

P n<¢03> 3 _1 + P n<G03) | (415)

whereby G = G(v) = G (U(?)) is any function of

v=10(7) = e1(2)ea(y)es(2) (416)

and c¢;(z) , eo(y) and c3(z) are any functions which depend only on z, y and z,
respectively, and ¢g; , ¢o2 and ¢g3 are constants.

If there is a scalar potential (b(?) which simultaneously solves Eqs. (413) — (415),
then that ¢(z,y, z) can be used together with Eq. (399) to establish a relation

between 1_4)(7) and gb(?)
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3.4.3 Two open questions

In the previous sections 3.4.1 and 3.4.2 we have presented two general types of
solutions of Eqgs. (355) — (358), namely the level II vacuum vector potentials which
are represented by Eqgs. (388) and (399). These level II vacuum vector potentials

71(?) are curl-free, i.e. their associated level II vacuum magnetic fields B A (?) and

1_3)\/ (7) vanish:

- = - = — —

Ba(r) = By(r) = VxA =0 (417)
In contrast to that, among the solutions of the vacuum equations of the former set of
the electro- and magnetostatic ECE equations, see sections 2.4.3 — 2.4.6, there are
level IT vacuum vector potentials with a non-vanishing curl and thus non-vanishing

level IT vacuum magnetic fields.

We raise the question if another types of solutions of Egs. (355) — (358) exist. If yes:
Are there also such solutions whose curl do not vanish ?

3.4.4 The meaning of the vacuum solutions

The solutions presented in the previous sections 3.4.1 and 3.4.2 represent possible
level 1T vacuum potentials and fields. We recall that according to Eqs. (361) — (368)
the levell II vacuum potentials and fields sum up to zero ** at every location so that
level I potentials and fields do not appear. The solutions presented in the sections
3.4.1 and 3.4.2 represent an infinite number of different electromagnetic vacuum
potentials and fields. Within the framework of electro- and magnetostatics there are
no obvious (boundary) conditions which specify a concrete type. Therefore the
solutions presented in the sections 3.4.1 and 3.4.2 mean that electromagnetic vacuum
potentials and fields are possible or exist, even if their concrete form remains an open
question. Concerning this issue the following should be noted:

e The consideration of electromagnetic vacuum states within the framework of
electro- and magnetostatics represents a rough approach and electrodynamics is
certainly more appropriate to address this issue.

e The actual vacuum states are not only determined by electromagnetic
potentials and fields but also by other contributions such as gravitational
potentials and fields, and their mutual interaction.

e Even if the vacuum constitutes the overwhelming part of the universe, matter
like electrically charged particles is also present. Therefore it seems likely that
the actual vacuum potentials and fields are influenced by the presence of
matter.

32 The feature that the level I potentials and fields emerge from a difference of two level II potentials
or fields, see e.g. Eqgs. (319), (321), (298), (299) and (365) — (368), can also be described as a sum
—
T

of two quantities, for example B(7') = ¢(7) — g(7) = ¢(7) + (— g(7)) .
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3.4.5 Hypothetical vacuum charge and current densities

According to Eqgs. (361) — (368) the level II vacuum potentials and fields sum up to
zero 33 at every location so that level I potentials and fields do not appear 3%.
Possibly, the presence of level II vacuum potentials and fields implies the existence of
level IT or vacuum charge and current densities, similar to the level I potentials and

fields 3 , Z , ZE and E which are generated by the (level I) charge density p and
—
current densitiy J. The Eqs. (361) — (368) suggest for the hypothetical vacuum

— —
charge densities, py and p, , and hypothetical vacuum current densities, J4 and Jy ,

the relations *°
— —
pe(7) = —=po(T) (418)
— —
Jv (?) =—Ja (?) (419)
so that the total (level I) charge density p(7) and current density 7(?) vanishes:

— — —
p(1) = pe(T) + pg(7) =0 (420)
— — —
J(F) = Ja(r) + Jv (F) =0 (421)
It appears presently not clear how to compute the hypothetical vacuum charge and

current density, p¢(7) and j A (7) , from the vacuum potentials gb(?) and 71(?) One
possibility is to assume that the relation between the hypothetical vacuum charge
and current density and the vacuum potentials is of the type given by Eqgs. (315) and
(297). However, the decoupled linear seconder-order differential equations (315) and
(297) describe the behavior of level I quantities, whereas the vacuum potentials are
level IT quantities which are specified by the partly coupled non-linear first-order
differential equations (355) — (359). Thus the relationship between the vacuum
potentials and the hypothetical vacuum charge and current density remains an open
question.

Furthermore, the consideration of electromagnetic vacuum states within the
framework of electro- and magnetostatics represents a rough approach and
electrodynamics is certainly more appropriate to address this issue.

33 The feature that the level I potentials and fields emerge from a difference of two level II potentials
or fields, see e.g. (319), (321), (298), (299) and (365) — (368), can also be described as a sum of two

quantities, for example 5(?) = ¢5(?) - 9(?) = ¢(?) +( _9(?) ) -

34 The presence of (electrically charged) matter, i.e. charge density p # 0 and/or current density

7# 0, breaks this symmetry and level I potentials and fields emerge.

35 The feature that the level I potentials and fields emerge from a difference of two level II potentials
or fields, see e.g. (319), (321), (298), (299) and (365) — (368), can also be described as a sum of two

quantities, for example ﬁ(?) = (b(?) — 9(7) = ¢(?) +( *9(?) ) -
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3.5 The equations for the level II potentials in the absence
of level I magnetic fields

In the following we present level II potentials qb(?) and A (?) which solve Egs. (331)
—
r

— (334) and (336) in the absence of a level I magnetic field, i.e. for ﬁ( ) =0.

3.5.1 Presentation of a solution for any charge density

coming soon ...

3.6 A potential inconsistency in the equations and a brief
list of some items whose consideration might lead to its
elimination

coming soon ...

3.7 Summary

coming soon ...

4 The energy density of the fields and potentials

Recently H. Eckardt and D. W. Lindstrom have published a paper about the
solutions of the latest set of electrodynamic ECE equations in the absence of level 1
electric and magnetic fields [25]. That paper comprises also a discussion about the
energy density of the vacuum potentials [25].

In textbook electromagnetism the volumetric energy density u E(?) of the electric
field £ (?) and the volumetric energy density u 3(7) of the magnetic field B (?) are
given by

2

up(r) = %0 E(T) (422)
— 1 ‘—> |2
o) = 3= | B (123)
The total energy density u(?) is given by the sum
— — — € |2 ,— 2 1 - 5|2
() = ue(?) +un(?) = FEE| + 5= [BE) (124)
0

In textbook electromagnetism the energy density u is related to the continuity
equation and the electromagnetic energy momentum tensor 7°%# whereby 7°° = w.

The level I potentials and fields emerge from a difference or sum *° between two

36 The feature that the level I potentials and fields emerge from a difference of two level II potentials

or fields can also be described as a sum of two quantities, for example
—

B(r)=o(7) — g(7) = ¢(7) + (— (7)) .
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associated level II potentials or fields which both depend on r , see e.g. Eqgs. (93),
(94), (107) and (108):

e scalar potential B(1) = ¢(7) — g(7)

e clectric field E(?) = E(;) (?) — Eg (?)

e vector potential X (?) = Z(?) — ‘7(?)
o magnetic field B(7) = Ba(7) — By (7)

In the case of the level II vacuum potentials or fields the corresponding difference or
sum vanishes so that no level I potentials and fields appear, see e.g. Eqs. (146) —
(149).

The presence of two associated but separate level II fields or potentials suggests the

possibility that each of these two fields possesses its own energy density. If this is
ﬁ.
r

true, then the energy density ug(7) of the electric field

—

) (425)

- = - —
E(r) = Ee(r) — Eg(
is given by the sum of the energy densitiy u¢(?) of the field E¢ (?) and the energy

_
r

— —
density wu,(7) of the field F,(7), i.e.

ip(7) = us(T) +ug(1) # up(r) (426)

Analogously, if this is true, the energy density ug(7) of the magnetic field

- —

— — —
B(7) = Ba(r) — Bv(r) (427)
is given by the sum of the energy densitiy u A(?) of the field E A (?) and the energy
. = =N
density uy (7) of the field By (1), i.e.
ip(7) = ua(7) + uy (1) # up(r) (428)

If we assume that the energy density of the level II fields depends in the same way on
the fields as the level I fields, see Egs. (422) and (423), then we obtain from Egs.
(422), (423) and (425) — (428)

is(?) = 3 [Bo()| + 3 [B, ()] (420)
un(7) = S |Bo(7) ~ B, (1)
2 2 (430)
=SB + FIED| — @Bl E,(7)
Up(r) #up(r) for  Ey(7) - By (1) #0 (431)



and

.= 1 EENE 1 = |2 439
5(1) = 5= |Bal)| + 5 [Br (7)) (432)
— 1 g — g =2
up(7) = 5 = |Ba () = Bv ()
(433)
1 EENE: 1 N E 1 - = - =
= 5 (B + 5B (D] = = Bl B ()
ip(7) #up(r) for Ba(7) - Bv(7) #0 (434)

By inserting Eqs. (95) and (96) into Eqs. (429) and (430) and Egs. (109) and (110)

into Eqgs. (432) and (433) we obtain the energy densities in terms of the potentials
— - =

¢(r) and A(7), namely

in(f) = 2[Vo| + 2|Ve| (435)
us() = 2|V 6|
2 2 (436)
- 21 +%0 vg| - eo<§¢)-<€g>
ip(7) £ up(r) for <§¢)-(€g>¢o (437)
and
aB(?)zziuo %XZQJFQLMOWX‘?Q (438)
u() = 5= |V x (4= V)|
1 > =2 1 (> =2
= 5 V><A’+2—MO‘V><V (439)
—i(%xZ)(exﬁ)
an(7) # up(r) for (%xZ)-(%x?)#O (440)
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We note that the absence of a level I electric field, i.e.

E(F) = Es(F) = B,(") = = V(6 —g) =0, (441)
implies
Eo(7) = E,(7) (442)
Vo=Vyg (443)
up(r) =0 (444)
i5(7) = «|Fo(M)] = «|Vo| # 0 (445)

- = - = -+ = — — —
B(?“)=BA(T)—Bv(7“)=V><(A—v> =0, (446)
implies
— N — —
Ba(r)= By (r) (447)
— — — —
VXA=V XV (448)
up(r) =0 (449)
— 1 |1=» =2 1 1—» =2
up(r) = — BA(T)) = —|VxA| #0 (450)
Ho Ho

Does ﬂ(?) or u(?) represent the appropriate energy density 7 It appears reasonable

to assume that ﬁ(?) is the appropriate energy density. If this is true, then Eqs. (445)
and (450) represent the energy density of level II vacuum potentials in the absence of
level T fields.

We suggest to study in a separate theoretical work the question if ﬁ(?) or u(?) is the
appropriate energy density. Concerning this issue let’s consider the following
gedanken experiment. Let’s imagine a bifilar wire which consists, for example, of a
cylindrical hollow conductor and a cylindrical solid interior conductor. Assuming
that a DC current I; flows through one conductor and another DC current I flows
in an opposite direction through the other conductor. The current I; creates an

— —
external magnetic field By , the current I5 an external magnetic field Bs , and the

o
total external magnetic field B is given by

— — —
By, L,7) = Bi(IL,7) + Ba(Io,7) (451)
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ﬁ
This raises the question if the energy density is given by the total magnetic field B ,
i.e.

1 = 2
UB(Ila]27?) = 2_ B([17]27?)‘
Ho
1 (= — 2
= 5 |Bi(L. ) + Ba (L, 7)
Ho
(452)
1 — =12 1 g |2
- I —_ 1
1 — —
+_Bl(]17?)'32(-[27?)
Ho
— —
or by the sum of the energy densities of the separate fields B; and B, , i.e.
— —
U2 ([17[2,?) = U1<Bl (11,?)> + u2(32(127?)>
1 -2 1 - —. ]2 <453)
= — 1 — 1
m Bi(li,7) + o Ba(Iy, 1)
and thus
— — — N — —
ug(ly,Ir, 1) #up (I, Iy, ) for Bi(li,7)  Ba(ly,7) #0 (454)

The question if ug(l, I, ?) or uys (11,1, ?) represents the appropriate energy
density remains open for further discussions and studies. This question is especially

interesting for E = 0 which implies ugp =0 and w3 # 0. A vanishing total field,
_>

i.e. B =0, can be achieved for special values of the opposite flowing currents I; and
I , at least for certain spatial positions.

— — — —
We note that ug = w9 if B1- By =0, i.e. if By is perpendicular to B, . This,
however, is not the case in our gedanken experiment because the considered bifilar
. . . . . . - =
wire with opposite flowing currents implies that the external fields B;(I;, ) and

_>
Ba(Is, 7) are antiparallel to each other.

5 A brief consideration of the electrodynamic
ECE equations

Even if this paper is dedicated to the electro- and magnetostatic ECE equations we
also present here the time-dependent equations of ECE electrodynamics, especially
because we raise the question if the electrodynamic ECE equations can be
transformed and studied in a similar way like the electro- and magnetostatic ECE
equations.
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The latest set of equations of ECE electrodynamics in vector notation, see e.g. Ref.
6], is given by %7

37 Eqgs. (455) — (464) refer to the assumption that the so-called polarization index can be omitted,
i.e. one polarization only, see e.g. Ref. [6].
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Antisymmetry constraints:

— N - 0 —
Vo —¢ow—wAd-5A=0 (455)
0A 0A
a—; + a—; + wo Az +w3As =0 (456)
0A 0A
8_; + 8_21 + w1 Az + wzA; =0 (457)
0A 0A
O O ittty =0 (458)
N Ay . w1
whereby A =| A, and w =1 wy
Ag w3

Field equations in terms of potentials:

Gauss law:
6-(7”71) —0 (459)
Faraday induction law:
- N - 0 /- —
Vx(¢w—woA>—E<w><A):0 (460)
Coulomb law:
Acb—%-(cﬁﬁ—wOZ)Jr%- 371 S (461)
3t €0
Ampere-Maxwell law:
— — — o =
vV x (VxA-x 4)
(462)
TR N R R -y | R
c?|at? ot ot V)
Field-potential relations:
B=VXA - wxA (463)
— — N — 0 —
EZ—V¢+¢w—woA—aA (464)

The electric field E can also be represented in another way. By solving Eq. (455) for

78



eqS and inserting it into Eq. (464) we get

— — 0 —
E:—z(woA—%A) (465)

Another expression for the electric field E’ can be obtained by solving Eq. (455) for

0
ET: A and inserting it into Eq. (464). This leads to

E=-2(Ve - ) (466)

According to Ref. [13] the electrodynamic ECE equations (455) — (464) merge into
the Maxwell or Maxwell-Heaviside equations of textbook electrodynamics if 3®

— —
which implies @ X A =0 because in this case @ and A are (anti)parallel to each
other. As shown in Ref. [14] there are special types of scalar potentials ¢ which are
in accordance with Eq. (467), namely *

o(r, t) = o(t)6,(T) = o(r, 1) =B(r, ) (468)

whereby (?, t) is the scalar potential of textbook electrodynamics. Thus, if the
scalar potential qﬁ(?, t) is given by a product of a time-dependent function ¢,(t) and
a position-dependent function gzﬁr(?), then the electrodynamic ECE equations (455)
— (464) merge into the Maxwell or Maxwell-Heaviside equations of textbook
electrodynamics [14]. This means that novel effects, i.e. such which are beyond
textbook electrodynamics, can only be expected if the potential (b(?, t) cannot be
represented by a product of a time-dependent and a position-dependent function.
This statement is based on the assumption that ¢(7, t) represents the physically
relevant potential which results in observable effects. However, the considerations of
the electro- and magnetostatic ECE equations lead to the question if the electro- and

—
magnetostatic level II potentials gb(?) and A (?) are the physically relevant
potentials which result in observable effects. Therefore we raise the same question for

the electrodynamic case: Are the time-dependent potentials ¢(?, t) and 71(?, t) the
relevant potentials which result in observable effects 7 We suggest to study in a
separate work the question if the electrodynamic ECE equations can be transformed
and considered in a similar way like the electro- and magnetostatic ECE equations.
A hypothetical scenario, suggested by the results of the studies of the static case,
could be the following:

38 For w = 0 and wo = 0, and by omitting the antisymmetry constraints (455) — (458), the
electrodynamic ECE equations (455) — (464) merge likewise into the Maxwell or Maxwell-Heaviside
equations of textbook electrodynamics.

—

39 If the scalar potential ¢(7, t) is of the type Eq. (468), then also the vector potential Z (r,t)1is

constitued by a product of a time-dependent and a position-dependent function [14].
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Possibly there is a transformation of the electrodynamic ECE equations which

~ —
reveals the existence of potentials (7, t) and A(?, t) that emerge from a difference
of two potentials which depend both on time and spatial location, i.e.

B(r, ) =o(r,t)—g(r, 1) (469)
A=A -V (470)

- 5
If this turns out to be true, then possibly 6(?, t) and A(?7 t) are the physically
relevant potentials and novel effects, i.e. such which are beyond textbook
electrodynamics, appear under special conditions which imply

B(r.t) # B(r, 1) (471)
A £ A (472)
ET 1) # E+(F, 1) (473)
B, t) # Br(7, 1) (474)

— - = . - — g —
whereby (7, t) and A (7, t) are the potentials and Er (7, t) and By (7, t) the
fields of textbook electrodynamics. However, as already mentioned, further studies
are necessary to clarify if this is really true or not.

Concerning the vector potential and magnetic field it is readily obvious that a
relation of the type of Eq. (470) exists. Analogous to the electro- and magnetostatic

_>
equations, see sections 2.2 and 3.2, we infer from Eq. (459) that w x A can be
written as

— —

BXA=V XV (475)

_>
?, t) is another vector potential which depends in some way on the

whereby 17 =V(
— —
vector potential A = A(?7 t). Thus from Eqs. (475) and (463) we obtain

§:§XX—§XI7:§X<Z—\7):§><X (476)
whereby
A1) = A D) = V(7 0) (477)
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